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ABSTRACT

Mathematical models have been used to provide an explicit framework for
understanding malaria transmission dynamics in human population for over 100
years, with the disease still thriving and threatening to be a major source of death
and disability due to changed environmental and socio- economic conditions. In
recent years, many more of the numerical methods were used to solve a wide range of
mathematical, physical, and engineering problems both linear and non-linear. In this
work, we used the Homotopy Perturbation Method (HPM) to obtain the analytic
solution of the differential equations of the (SIR-S1) mathematical model and we
apply the Bellman and Cooke’s theorem of stability to verify the stability of the
model at equilibrium state. This work confirms the power, simplicity and efficacy of
the method, also this method is a suitable method for solving any partial differential
equations or system of partial differential equations as well.

Definition of Variables

S = Susceptible human I = Infected human R =Recovered human/Removed human
I, = Infected vector 7= human birth rate A= vector birth rate
&= Contact rate ¥ =Natural death rate X = Death rate due to disease

fi= Transmission rate between susceptible vector and infected human
o = Transmission rate between susceptible vector and infected human

INTRODUCTION

Malaria is a disease that causes fever and shivering (shaking of the
body) caused by the bite of some types of mosquito called Anopheles.
(Oxford Advanced Learners Dictionary] Malaria is an ancient disease
having a huge social, economic and health burden. lt is predominantly
present in tropical countries. lt is a disease mainly found in tropical
areas as sub-Saharan Africa, Central and South America, South East,
Asia and the Pacific Islands which are called malaria regions. Even
though the diseases have been investigated for hundreds of years, it
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remains a major public health problem with 109 countries declared as
endemic to the disease (Sandip Mandal et al 2008). lc is a life
threatening disease caused by parasites called plasmodium that are
transmitted to people through the bite of infected anopheles mosquito
(WHO, 2009]. The female anopheles mosquito gets infected when it
bites someone carrying the malaria parasite. There are four different
types of plasmodium parasite: plasmodium falciparium is the only
parasite which causes malignant malaria. lt causes symptoms straight
away and can be mild or severe. Secondly, plasmodium vivax causes
benign (non cancerous) malaria with less severe symptoms. The vector
can stay in the liver for up to three years and can lead to relapse.
Thirdly, plasmodium wmalariae also causes benign malaria and is
relatively rare. Lastly plasmodium ovale also causes benign malaria and
can stay in the blood and liver without causing symptoms. Plasmodium
falciparium is responsible for about three-quarters of reported malaria
cases. Most of the other cases of malaria are caused by plasmodium
vivax with a few caused by the other species (Lallo et al, 2007). It is
possible to get infected with one type of plasmodium parasite. Each
parasite causes a slightly different type of illness.

Malaria is a vector-borme infectious disease which is caused by
protozoan parasite. Note: Malaria shares many characteristics with
other protozoan parasites, which cause disease such as African
trypanosomiasis and visceral leishmaniaasis. Malarial infection is
cyclic, so | can start the circle anywhere. In this case an infected female
mosquito bites a human host and infects the human with some of her
saliva. The saliva acts as a pain killer so that the human will not feel the
bite and because the female mosquito is infected; her saliva contains the
sporozite form of the malaria parasites. All blood in a human’s body is
filtered by the liver, and here the sporozite will reproduce in a sexual
manner and forming large quantities of the trophozoite form of the
parasite. These trophozoites are released into the blood stream where
the red blood cells are invaded. The parasite uses the red blood cell as an
incubator and again reproduces, producing the merozite form of the
parasite in quantities large enough to cause the cell to rupture. Malaria
symptoms are characterized by high fever, chills, flu-like symptoms and
in many cases, death. The common first symptoms of malaria are
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similar to the flu. The patient may have: a headache, aching muscles,
tummy ache and weakness or lack of energy. A day or three about later,

the body temperature may rise (up to 10 degree Celsius) and the patient
may have: a fever, shivers, mild chills, severe headache, vomiting,
diarrhea and loss of appetite (Bupa, 2009], however, it takes at least 6
days for symptoms to appear. The time it takes for symptoms to appear
can vary with type of parasite that mosquito was carrying. If the person
gets infected with plasmodium falciparium, malaria can progress to
more severe form called complicated malaria. The following symptoms
may appear: low blood sugar levels, severe anaemia, jaundice, fluid on
one’s lung (Pulmonary Oedema), acute respiratory distress syndrome,
kidney failure, spontaneous bleeding, and state of shock (circulatory
collapse), fits (convulsion), paralysis and coma. Severe malaria can
affect the patient’s brain and central nervous system and can be fatal

(Bupa, WHO, 2009).

Natural immunity partially protects a limited number of people.
Prevention is the only key to wiping out malaria, keeping mosquitoes
away from people, either by physically blocking or by eliminating them
from the environment. There are many ways to do this. Countries
affected by malaria use a multifaceted approach to stopping this
scourge. First, anti-malaria drugs can be given to prevent this epidemic,
particularly in areas with small outbreaks. The second approach uses
mosquito control to prevent outbreaks. Third approach, still under
development, will prevent the disease through vaccination.

Malaria, especially falciparium malaria, is a medical emergency that
requires a hospital stay. Chloroguine is often used as an anti-malarial
medication. However, chloroguine-resistant infections are common in
some parts of the world. Possible treatments for chloroguine-resistant
infection include: (i) The combination of guinidine or quinine plus
doxycycline, tetracycline, or clindamycin. (ii) Atovaguone plus proguani/
(malarone) (i1i] Mefloguine or artesunate (iv] The combination of
pyrimetnhanine or sulfadoxine (fansidar]. The choice of medication
depends in part on where and when you were infected. Medical care,
including fluids through a vein (iv]) and other medications and breathing
(respiratory) support may be needed. The aim of this project research is
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to construct a mathematical model on malaria diseases dynamics by use
of the system of first order differential equations with five
subpopulations of Susceptible, S(t), infected, l(t], and Recovered, Rt
|,susceptible, S(t), infected, l(t). Using the He’s Homotopy
perturbation method for finding solution to the modeled equations. The
objective is to solve the mathematical model equations analytically
using Homotopy Perturbation Method and obtain the conditions for the
stability of the disease spread and the disease free equilibrium
(DS&DFE) states respectively. The health as well as the socio-
economic impacts of emerging and re-emerging vector born disease like
mosquito is significant. The disease is endemic and claims so many
lives and consequently makes its study valuable. Early Treatment of
malaria shortens its duration, prevent complications and avoid majority

of deaths.

Beyond the human toll, malaria wrecks significant economic havoc in
high-rate areas decreasing Gross Domestic Product (GDP) by as much
as 1.3% in countries with high levels of transmission. Over the long
term, these aggregated annual losses have resulted in substantial
differences in GDP between countries both personal and public
expenditures on prevention and treatment. In some heavy-burden
countries, the disease accounts for, up to 40% public health
expenditures, 30% to 50% of impatient hospital admissions up to 60% of
outpatient  health  clinic wvisits (WHO, 2009). Malaria
disproportionately affects poor people who cannot afford treatment or
have [imited access to health care, traps families and communities in a
down spiral of poverty. As a result of this a mathematical study has
been done as a way of guidance for decision makers on which
intervention to focus on. In this work, the subpopulations of the human
host and the mosquito host is divided into susceptible humans (Ss),
infected humans (l1), recovered humans, (Ri) susceptible vector (S,) and
infected vector (l,). Birth is not constant in the susceptible, infected and
recovered can be removed either through natural death or death by the
disease respectively. The individuals move from susceptible class to
infected class by interaction with the infected hosts, and the infected
moves to the removed class by treating the disease. The (SIR-S1) flow
chart of malaria helps us to clearly see the movement of each population.
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GENERAL OVERVIEW OF MALARIA MODELS

Carter (2002) “spatial simulation of malaria transmission and its control

transmission blocking vaccination”. Given the challenge of malaria be it
in endemic area of otherwise, predictive mathematical modeling and
computer simulation remains our greatest hope. Ngwa et al (2000] “A
mathematical model for endemic with wvariable and mosquito
populations”, formulated a wvariable humans and wmosquitoes
mathematical model consisting of Susceptible- Exposed- infectious-
Recovered- Susceptible (SEIRS) pattern for humans, and susceptible-
Exposed - infectious (SEI) pattern for mosquitoes. The primary objective
was to study endemic malaria and the consequent diseases related
deaths in endemics regions. The importance of including demographic
effects with net population growth was seen to enable the model to
predict the number of facilities that may arise as a result of malaria.
This type of prediction is not evident in the constant population model
and hence has been over looked in previous mode for malaria. C.] Silva
(2013),” an optimal control approach to malaria prevention via
insecticide- treated nets” formulated a recent mathematical model for
the effect of insecticide Treated Nets (ITNS) on the transmission
dynamics of malaria infection, which takes into account the humans
behavior. He introduced a model supervision control, representing
International Electro-technical commission (IEC) campaign for
improving the I'TN usage. He proposed and solves an optimal control
problem where the aim is to minimize the number of infectious humans
while keeping the [ow cost.

Also (S. Mandal, 2011) developed a mathematical model for malaria that
incorporate global warming and local socio-economic conditions. The
main objective was to apply sensitive analysis to a mathematical model
describing malaria transmission relating global warming and local socio-
economic conditions which represent the level of malaria infection in a
community. Their work was mainly based on the infection and none of
the interventions were tackled. Gomez-Elipe et al, (2003), “Forecasting
incidence base on monthly case report and environmental factors”
studied a mathematical model involving malaria incidence in an area of
unstable transmission by studying the association between
environmental variables such as rainfall, temperature and vegetation
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density, and disease dynamics, malaria control were not mentioned. Li ).
(2008) “A malaria model with immunity in humans”, who formulated a
mathematical model for malaria transmissions that includes, incubation
periods for both infected human hosts and mosquitoes. It was
demonstrated that models having the same reproductive number but
different number of progression stages can exhibit different transient
transmission dynamics. It was concluded that humans acquire partial
immunity to malaria after infection although the mechanisms of
immunity are not fully understood. The acquired immunity appears to
depend on both the duration and the intensity of past exposure to
infection.

MB Abdullahi (2013), presented an ordinary differential equation
mathematical model for the spread of malaria in human and mosquito
population. They assumed that both species follow logistic population
model, with immigration and disease induced death of humans. The
sophisticated of the epidemiological modeling efforts has grown
steadily. Smith and Hove-Musekwa (2008), “Determining effective
spraying period to control malaria via indoor spraying in sub-Sahara
Africa ” developed a mathematical model for both regular and non-fixed
spraying using impulsive differential equations in order to determine the
minimal effective spraying period, as well as the amount by which
mosquitoes should be reduced at each spraying events. The effects of
climate change on the prevalence of mosquitoes were considered. The
result showed that both regular and non-fixed spraying result in a
significant reduction in the overall number of mosquitoes, as well as the
number of malaria cases in humans. However, only one intervention
was discussed. Comparative knowledge of the efficacy of different
control strategies is mnecessary to design useful and cost effective
malaria control programs. Mathematical modeling of malaria can play a
unique role in comparing effects of control strategies. The researcher,
therefore, investigate the effects of such control measures on malaria
dynamics and their costs.
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MODEL DESCRIPTION AND METHODOLOGY

Modeling of Malaria Incidence

A basic model for the epidemiology of malaria outbreaks is primarily
based on portioning a given subpopulation of human host into classes,

though the allocation of individuals to any of the classes is not static,
that is any of the host is free to move from one class to another at any
given time. However, whenever we make mention of one being
susceptible, it implies that exist an illness or infection which one is
likely to contract class. lt is actually this illness or infection that moves
a susceptible host to infected class, and vice versa. Now consider the
epidemic model of an intrinsic population of host N, subjected to certain
infection (mosquito borne); here the host is well mixed, meaning that it
is equally probable for any two hosts to come into contact. Suppose
there is availability of female Anopheles mosquitoes and we wish to
build our assumptions around the intrinsic population, then the
following assumptions holds.
s i iR

i] Population size a2 + 3+ @i =0 =
s(t) + L{t) + R(t) = N
Is built into the system (There is addition to the system by either
migration or by birth).

ii] The disease is fatal (that is it [ead to death), and hence natural death
due to illness depletes the number of susceptible and infected host
respectively.

i11) The susceptible host has no form of immunity covering them. But
infected class can be vaccinated.

iv] The infective period of the vector ends with its death.

v] The incubation period of the infection is very short so that
transmission is very short so that transmission is not delayed.

The Basic SIR-S1 Model

By convention, the total human population N at any time t of a
standard (SIR-SI) malaria models is basically divided into three
subpopulation of susceptible human at any time t, denoted by S(t),
individuals infected with malaria as 1(t) and recovered individuals from
malaria as R(t). The letters S(t), 1(t), and R(t) represent the number of
people in each class at a particular time. We make the letters (S), (1) and
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(R) a function of t to indicate variation over time. The implication of the
variables (S), (1), and (R) being a function of t is because of the dynamic
nature of the models, in that the numbers in each compartment may
fluctuate over time. “The importance of this dynamic aspect is most
obvious in an endemic disease with a short infection period such as
malaria. Such diseases tend to occur in cycles of outbreaks due to the
variation in number of susceptible (S(t)) over time”. For Example during
an epidemic, the number of susceptible individuals falls rapidly as more
of them are infected and thus enter the infectious, and through
medication enters the recovered class. The progression of each number
of the population from susceptible to infections can be seen clearly in the
diagram below.

Model Formulation
H

T /“ /u
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Figure 3.3: Schematic diagram for the flow of the (SIR-S1) model

The arrow sign signifies a transition and a mode of transmission of host
and vectors from one compartment to another respectively. Between
susceptible human, and the infected, the transition rate is fl, where 8 is
the rate of contact; which is also a sure probability of getting the disease
in a contact (mosquito bite] between a susceptible and an infectious
individual.
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Mathematically we obtain the following differential equations:

il —=a—=F5lv - (I —alR— Blv—uS
Z=pSI.— wS.—al.—aR -y

af _ _ _ _
;—er R —ap—(1—a)kR

5 _ 9 _
iV) ? = CGS:, HS:.
af- _ _
V] — =yl 85 — pul..

Where the parameters (l-a) = Recovery rate due to treatment

Solution of the Model

Analytic Solution Using Homotopy Perturbation Method (HPM)
Non-[inear phenomena are very important in various fields of sciences
and engineering. Most Non-linear models of real life problem are still
very difficult to solve. Therefore, approximate analytic solutions such as
(HPM) have been introduced. This method is the most effective and
convenient one for both weakly and strong non-linear equations.
Perturbation method mentioned is based on assuming a small
parameter. The majority of non-linear problems, especially those that
have strong non-linearity, have no small parameters at all and the
approximate solutions obtained by the perturbation methods, in some
cases, are valid only for the small parameter. Generally, the
perturbation solutions are uniformly valid as long as a scientific system
parameter is small. However we cannot rely fully on the
approximations, because there is mno criteria on which the small
parameter should exist. Thus, it is essential to check the validity of the
approximations numerically and/or experimentally. To overcome these
difficulties (HPM) have been proposed recently.

Basic ldea of He’s Homotopy Perturbation Method (HPM)
To illustrate the basic ideas of HPM, we consider the following non-
linear differential equations.

Alul=flr) =0 reQ- - - (4.1)
" With the boundary condition of;
Bluz) = el o . (4.2)



Solution to Mathematical Model on Malaria Transmission Dynamics using Homotopy
Perturbation Method (HPM|

Where: A, B, f(r] are I' are a different operator, a boundary
operator, a known analytical function and boundary of the domain Q
respectively.

Generally speaking the operator A can be divided into a linear part L
and non-linear part N. equation (4.1) can now be written as:

Liu) =N(u) - flr] =0 - - - (4.3)
By the Homotopy technique, we construct a Homotopy v(r,P): Q ¥ [o,1],
= R, which satisfies

Hi{v,p) = (1-p][L{v] = L{uo)]] = PIA(v] = flr)]] =0 - - (4.42]
Pe€lo], T eQ

Or

H{vp) = L(v] - L{us) =PL{Uo) =P[N(v) - flr]l =0- - (4.4

Where P € [o,1] is an embedding parameter, while u, is an initial

approximation of equation (4.1), which satisfies the boundary

conditions. Obviously, from equations (4.4a) and (4.4b) we will have
H{v,o) = L(v) “Llu) =0- - - - -(4.5]
H{v1) = Alv] —flr)=0 - - - - -(4.6]

The changing process of p from zero to unity is just that of v(r,p) from
Uo(r). In topology this is called deformation, while L(v) — L{u,) and A(v)
= f(r]) are called Homotopy.

According to the HPM, we can first use the embedding
parameter P as a “small parameter”, and assume that the solution of
equations (4.4a) and (4.4b) can be written as a power series in P:

V=V,-PV,-PV, - - - - - (4.7)
Setting P = 1, yielding in the approximate solution of equation (4.1) to:
M A L 7ot 7 (4.8]

The combination of the perturbation method and the Homotopy
methods is called the HPM, which eliminates the drawbacks of the
traditional perturbation methods. While keeping all its advantage, the
series (4.8) is convergent for most cases.
However, the convergent rate depends on the non-linear operator A(v),
moreover, he made the following suggestions:

1. The second derivations of N(v] with respect to V must be small

because the parameter may be relatively large,i.e. P — 1.
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2. The norm of L %= must be smaller than 1, so that the series

converges.

Implementation of the Homotopy Perturbation Method
%=R’—}9 Sl — (I—alf — 8L -us

a

} - - - (4.1)
T=@sl.  wS. al, al
- - - (4.2)
SR oo
—= gl —pd —ap— (1 — )R
-~ - - (a3
TOATEONRTIS e (g
—=vl.- 85 — pul. ) ) ) i i (4.5]

With S5(0) =0, l{0)=0, R(D) =0, 5.=0, [.{0) =0, a5 initial conditions

Now equation (41) = =a—FSL—(I-a)R—0[.—u5=0.

az

Where &= — 0 (inear partef(41))er
A—F5l. —{l—alR—08l.—u5=0

i e o
Nowequation“'z}:F_B“r wh. — ai.— yR—ul =0

Where %= 0 (L:near part of (4.2]) o1

G5 —wsS.— yl.— al —ul =0, (Non — linear part cf(4.27"
a8 _ o _ _

Now equation (43) = T=aR—uR—aju—{l-a)R =0.

Where i—f =0 [Linear partof [4.3}} or
R — gl —au—(1 —a)R =0, [Non— linear partof (4.3
S g B _
For equation {¢4) = - = A—ew S, —uS. =0,

a5

= — — = r E: — i
Where?_‘l w5, — pu5. =10, where — J (Non— linear partof (4.4))

For =Vl — 85—l =0

= gﬂ—r =0 (Linzar part of (4.5)) ory{.. — 85 — ul.. = 0 (Non — linear part of (4.3))
Now applying (HPM) to (4.1) we have

(1-P)E—p[E— w5t~ (1 —a) — POL — S| =0

ij}oving brackets we have

:%— Fm —P@ASI. —P(.—a)R—PBI.—PuS=0 i i (4.6]
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Let.‘;:xu_le_szg_ - - - - -

(4.7]
[=vy— Pyy— Pyn— - - - - - (4.8)
R=zy— Pz —Pz:— - - - - - (4.9)
S. =1y — Pmy— P . — - - - - -

(4.10)
.= ng— Pry— Pora— - - - -

(4.11)

Substituting (4.7) to (4.11) into equation (4.6) and expanding, we get

kgPxy — PU, —
—Pr— PR[ (P, — PPas — L )pPry — PPna — )| —P(L— @)[z4Pz, — PPz, — ] —
POy — Prey — Pore- — .. ) — PP, — PPoa —... ) =0
Applying ([HPM) to (4.2) we have

(1-P)E—P[Z—pSI.—wS.— yl.— aR—pul] =0,

Removing brackets we have;

=2 pSI.—wS.— yl.— aR—pl] =0,

S B
Substituting (4.7) to (4.11) into equation (4.15), we get,
Vo — P¥— PE};E ...
—PBxy — Py — P, — L)y, — Py, — Py, — )= Pr(n, — Py — PP — L) —

Palzy — Pzy — Pz2— ..} = P{yvg— Pvy — Py, — ...} =0
Now, collecting the coefficient of the resultant equation based on
powers of P-terms, we get;

PPivy =0 - - - - - - - - (4.16)
21V —Bxove —¥ng —azp —uv, =0 - - - - -
(4.17)
PP ¥ = Blxgvy —x %) — yvy —azy—uv; =0 - - - - (4.18)
Rearranging equation (4.18)
= P 1%, — By — v ) — (v — Wy, —az; =0 - - - (4.18)

Applying Homotopy perturbation method (HPM) to (4.3),
1-P)E—p[E—ar—yr —ap— (1 - )R] =0,

Removing bracket, we have

%— gl —p(f —ap—(1—a)k =0

a

- - - 419
Substituting (4.7) to (4.11) into equation (4.19], we expand to get;
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Zy— P —FzZ,— .. —Pa(zy— P4 — P2 — ) —Puldy, — P, — P2, — .} — Pap—

Pl —a)(zy— P2y — PP2n — ) =0

Now, collecting the coefficient of the resultant equations base on

powers Of P-terms/ we get;

i} L
Phizy =0 - - - - - - - - (4.20)
Pl —azy —pzy, —{(l—a)fy=0=P iz, —(a—pu—(L—a))z, =0 -(4.21)

P —ads —pZy — {1l —a)y =0 =P zh —(a—p—(l—an, =0_. (4.22)
Applying Homotopy perturbation method (HPM) to (4.4),

(1-P) - P i— ws. —ps.| =0

Removing bracket we get

i':‘i_ _ — — D =
Pl—Pw—5.—P5.=0 . - - - - (4.23)

Substituting (4.7) to (4.11) into equation (4.23), we expand to get;

at

wy — Prip — Piri, — . — BA — Pu (i — Py — P, — ) — Pl — Py — PPt —
) =0

Now collecting the coefficient of the resultant equation based on
powers of P-terms, we get;

P"inipg =0 . - - - - - - -- (4.24)
2wy — g — oy =0 - - - - - - - (g.25)
2% s — [ — gy, =0 - - - - - - - (4.26)

Also, applying Homotopy perturbation method (HPM| to (4.5), we get
(1-P)E—p[E 65 —pr] =0
Removing bracket, we get;
=t — Pyl — P8S —Pul. =0
Substituting (4.7) to (4.11) into equation (4.27), we expand to get

vy —Pri;, — Piri, — Py v, —Pv,—P?v,— )= PO (xy —Px— Plx,— ....)— Puln, —
Pry— PPr. — L) =0

Now collecting the coefficient of the resultant equation based on
powers of P — terms, we get

P i, =0 - - - - - - - . (4.28)
2 —yvy — Bxy — iy =0 - - -- - - (4.20)
27, —yv, — Bx, — iy =0 - - - - - (4.30)

From (4.12)
=0

Integrating, we have
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’%3:0 =de, =0 = Jdr,=0 =2x,=4

Initial conditions, we have x, {0} =351 :-5,= x, - -
(4.31) considering equation (4.16)

7o =0

% -0, =y, —0 — jr:fyn -0, =¥y — 8

Initial conditions, we have, :- ¥1 = Is - -- - (4.32)

For equation (4.20)

z.n =0

Integrating, we have

icn

,—r=ﬂ, =dz, =0 :jdzn =0, =z =C
q

Initial conditions, we have,

- Zo= Ry - - - - - - - - (4.33)
For equation (4.24)
m, = 0 (integrating, we have) | dm, =0, = my =D

Initial condition, we have,

Mo = Sy (o] - - === = a4
Considering equation (4.28)

i, =0

upon integration,

—==0, =dn, =0 = Jdn,=0, =2n, =EF

qt

Applying the initial condition, we get

“no =Lo) - - - - - - - - (4.35)
Now, substituting (4.31), (4.32), (4.33), (4.34) and (4.35) into (4.13)
i= —anﬂn—(l—ﬂjzn —fng; — L%

= ¥, =— Byl — (1 —a )Ry — 8l —uS,
Integrating both sides, we have
ix)

—=— 5Bl —w — (1 —a}R, — 8L,

art
Integrating both sides, we have

Jdx=7—S84(Bly — 1) — (1 —a)Rg —BL) [ dt

Ky = (= SgPLy —u) — (1 —a)Ry — 8Ll t—c

Initial condition, we obtain, x1(0) =0, = c=0

s = =SBl —u) — (1 —ajRy — 8Lt - - -(4.36)
Substituting equation (4.31), (4.32), (4.33), (4.34) and (4.35) into (4.17)
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= Bxy¥o —¥ng —azg—uys = ¥y = BSyly — vl —cRy —uly
= BSyly —vLy—aRy —uly

sul

lntegratmg both sides, we have

Jdvy = (In(BSy— u} =¥y —cRa) Jds, vy = {1o(BSs — w) — ¥ly —aRelt—
Initial condition, we obtain, ¥1{(0) =0, = ¢, =0
s v = (To(BS — w) — ¥l —aRgJ t - - - - -(4.37)
Substituting equation (4.33) into equation (4.21)

?1 = ('51_ u—(1 _“}}Zu:zl = '[:Dt—,u—(l—a)}R.;,
—==(a—u—(l—a)R,
Integrating both sides, we get

fdz; =(a—u~—(1—aliR [ di

21 = Rn{“_ u— (1 —ﬂ)jt— Ca
By the initial condition, we obtain, z:(0} =0, = c2
AAA) :RD(U'_ = l:l—D'.)jlt - - - - (4,38)
Substituting equation (4.34) into equation (4.25)

=S (w—u) = %— — S, (e —uj

Integrating both sides, we get

Jdm; =—8,(w—ufdt m; =—8 (w—ut—z;
By the initial condition, we obtain, m; (0} =0, = c; =0

vy == Sy (w— ujt - - - - - - (4.39)
Substituting equation (4.31), (4.32) and (4.35) into equation (4.29)
ﬁl = yvo — B3 — un] , = 0y =yl —85 —ul,

=y, -85, —ul,

lntegratmg both s1des/ we get

[dny = (vI, =88y —1L.) fde, = 0y = (v, =88 —ul.)t—c.
Applying initial condition, we now have {0} =0, = c. =0

nomy = (ylg —88; —ul Mt - - - - (4.40)

In the same fashion, we substitute equation (4.31), (4.35), (4.36), (4.38)
and (4.40) into equation (4.14)
%2 =— Pixgny; —xyng) — {1 —alz —6ny

¥a == BSyn, =Pyl — (1 =—a)z, =00, = % =0y (0B85 —Bxyla = (1 —alz,

Ra — (B = PBS)iylgl —83gl —ul L) — Bl — Spl{FLyp — w) — (1 —u)Ryl — 8Ll — (1 —

c){Ryat — Ryut — (1 —ctjRgt)
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%, = Bylt —87Sgt — Bul t — BSoylet — BOSyt — BSouli t — B°Solo t— BSolugut — (1 —
a}BL Ryt — BE'I-.-GE_- — ({1 —a)Rot — (1 —a)Ryut — (1 _U-]Eth

%, = Bylpt — 875yt — Bul, t— BSpylot — BAS t — 2BSpul, t — B7Sple ™t — (1 — a)PlgRy= —
BAL, "t — (1 —a)R,ot — (1 —e)R,ut — (1 —a) 2Rt

=

22 = (8,(ARSo — 8) — RLo(RT.o — 21— ¥)) — A(y's — Lol — BLy) ) = Ry (1 —a(P0— =
Bl.g — 1t

Integrating both sides, we get

=

Jas, = (5,(8(BSy —8) — Bly (Blyy —2u—v)) = 8(yL, — Lyfu — BLy) ) —Ry (1 — a(2a—u—
Bl — 1)) J =dt

x5 = (So (8BS — 8 — Blo(Blo —2u—v)) = 8(¥ls — Lo(u — BLo) ) = Ro(1 — (o= u—
BlL., — 1)}T3;2— s
Applying initial condition, (0} =0, =cs =0

LR R (SD(B{BSD —8) — Bl (BlLy —E-H—‘r’)) —8(yly — Lolu— BL.-D)) —Rn{l —alZa—u—
Bl — L})t7/2

Substituting equation (4.31), (4.36) and (4.41) into equation (4.7)

We get series

(1) =8y — p(SefPLy — u) — (1 — a)Ry — €10t — p S {BSy — 8) — BLo(Blyp —2u—v))—
B(¥I; — Lo(L — BLal)— Rg(l —a(2a— u— Bl — 1))t /2

Setting p=1, the solution of equation (4.7) becomes

5(t) = ]in}x =¥, —H;—Ho— . ..

Hence,

S{t) =Sy — (Sp(Blyg —u) — (1 —aJRy — 8Ll — S3(BSy —8) — BLa(Bly —2u—))— Byl —
Tolh =PRI, N— R, (1 —a(2y—u—fT, =117 /2
- - (4.42)
Substituting equation (4.31), (4.32), (4.36), (4.37) and (4.38) into equation
(4.18)
¥a = Blxgyy —Xg¥o) —¥¥y —ozZ; — Wy
V2= (BED —¥ — Wy, — fx 1y —az;

¥ = ({BSD =¥ — ulIg(BSy —u) — ¥lg — Ry} — Bl {— Sy Bl — 1) — (1 —a)R, — E”‘-'”] -
a(Re(Z2o—u—Bla— 1)

| 68



International Journal of Science and Advanced Innovative Research
LISSN: 25367315 (Print) 2536-7323 (Online)

Volume 6, Number 3, September 2021 ‘
http://www.casirmediapublishing.com

V2= ((IDBESDE —LiBSqu—ESopyly — BSqoky — [iBSgy — Tuy— ‘r’EIun — ¥Ry — [gBSqu— 35 .UE -
Ylou— aRgu) — [ — ISyl — IpBSou — L PRy (1 —cleI.;.BHI,,..;.) — 2Rgo’ — Rga’u—aRy))t

¥a =(ID(BESDE —BS;u—BSyy— uy —— BSqu— .UE - BESDL.D —BSyu— PRyl —a)— BE'qu) -
([ —BSo¥lo — BSpaRy — ¥ Lo —oyRy —¥Lou —aRgu —2Rpe” — By’ u— aRy) )t

V.= (ID(BESD(SD —Lo) —BSpu—uly— u} —B(Ry(l —a) —8L,) — BSy{aR; —yL,} —
Yholy uw) aBRply 2Ze 1))t

Jdv: = (I,(BSy(Sg — Lg) —BSyu—uly— 1) — B(Re(1 —a) — 8L} — BS,(aR, —¥1,,) —
Yloly— u) —aRo(y —2a— 1)) [ tdt

¥ = (Iu{:ﬂzsu (Sp— L) —BSpu—uly—u) — BIRy{l —o) — 81,0 — BSylaRy, —¥yL,) —
Yloly— u) —aRe(y—2a— 1))£7/2 —cq

Applying initial condition,

72{0) =0, = c; =0

¥ = (Iu(BESu(Su — L) —BSpu—uly— u} —B(Ry(l —a} — 8L} — BS;(aRy —vL,) —
Yloly— u) —aRe(y—2a— 1))t/2
- - - -(4.43)

Substituting equation (4.32), (4.37) and (4.43) into equation (4.8)
Setting p = 1, the solution of equation (4.8) becomes,

Aty =limy= v —v, —¥: —
Bl

Hence,

I0t) = Iy — (15 (B{Sy —u) —yL, — oRy It — (1, (B?Sy(Sy — L) —BS;u} —uly— u) — B(Ry(1 —
a) — 8L} —BSoloRy —vLo) —¥Loly— u) —aRg(v —2a— 1})t7/2
-(4.44)
Substituting equation (4.38) into equation (4.22)
»=[la—u—[l—allz
= (a—u— (1 —a)) Ry u— (1 —a))s
> =Rgla—u— (1 —a))t

dzp a
£ — Rya—u— (1—a))%

[ [

L=

Integrating both sides we get
Jdz: = Rg(a—u— (1 —a)) Jtdt
Z, =Ryla—u— (1—a))t7/2 —c;
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Applying initial condition, we have z:(0) =0, = ¢; =0
nZo=Rylo—u— (l—al)) t/2 - - - -
(4.45)
Substituting equation (4.33), (4.38) and (4.43) into equation (4.9)
R(t) =Ry —pRy(a— 1 — (I —a))t— pP°Ryla—u— (1 —a’)? t3/2
Setting P=1, the solution of equation (4.9) becomes
Mt)=lmz=z,—z;,— 2. — . . .
=1
Hence,
R(t)=R; —Ryla—u— (1 —a}jt— Ri(a—u— (1—c))* 272 - -
(4.46)
Substituting equation (4.39) into equation (4.26)
Hn =— (oo — ulmy
A1, =— (@ — w)i— S, (0 — ult= Sylw— u)’t
=S (w — )t
[dm, = S(ew —w)* [ dt
Ta = Spplw —ul" /2 — g
Applying Initial condition, m2(0), = cz =0
Hence,
e = Suplw —u)7 2 - - - - - -
(4.47)
Substituting equation (4.34), (4.39) and (4.47) into equation (4.10)
5.(1) = Sup — PSenfew — wlt— p S.plew —u)" /2
Setting P=1, then solution of equation (4.10) becomes
5.0t = ililil ML= Mg — Nl — e — L
S0 =8, —Spolw —wi— S{w—wiedy2 - - o .
(4.48)
Lastly, we substitute equation (4.36), (4.37), (4.40) into equation (4.30)

La = yyy —8x; —Lny

I:.l".l = T([I'I(BSI'I - Ll) _1|"'I1_|'| - EI1-|'| - [lF.nlJ't - 9{_ S|'|{BI1.-|'| - Ll) - (l - l:-.1)[;{“ - 9[1_.1)1: - u(ﬂﬂ -
953 - .lL,..;.)'t

1= (yiLES; Ijw ylhgp el oRyl 80 LgPSy S (1 )Ry 8l ulyl
EIS[I_ !-'l]v:].]t



International Journal of Science and Advanced Innovative Research
LISSN: 25367315 (Print) 2536-7323 (Online)

Volume 6, Number 3, September 2021 ‘
http://www.casirmediapublishing.com

£y = (Lylya—v" = BSyE— & — %) = 1) BSy —yu.— yu) —(oy3, — Spué— (1 - Ry R, B~
Spd Lt

o= (Lyvle—v) — 8BSy —8) — 170 — oyiES, — 2u) — JayR, — (L — R, )3, —28,8u))t

J% = (I v(a—y: —B{(BS, —81 — .HE:' —Iv(BS; — 20 —(ovBy — (1 —F, )R8 —
28,817 [ tdt

n, = {Lgylo—y) — 8BS —8) — w) — Ly(ES, —2u) — (oyRy — (L —RIRS —23,8u)) t7/2—
C3
Applying the initial condition, 12{@} =0, = 3 =0

n, = (Lgv{a—y, — 8BS, —8) — u') — v(BS; — 2ui —(cyRy — (1 —RyIR,3 —28,8u)) /2

(4-49)
Substituting equation (4.35), (4.40) and (4.49) into equation (4.11)

Lt} =L, —plyly =88, —ul Jt— p (L (rlo— vl — 8(BS; —8) — w) — Liy{BS, — 2u) -
(o¥Rg — (1 — Ry )Ry3 —28,8u)) /2
Setting P =1, the solution of the equation (4.11) becomes
[(t) = 1111;111 =N —Ny—Na— ...
e

Hence,

Lith=1Lg— (v =88, —ul, Jt— (Lolylo— ) — 8BS —8) — L7) — Lpy(BS, — Zu) — (YR, —
{(1—RRB—28,3.001 /2

- - - - - -(4.50]
The general solutions of equations (4.1), (4.2), (4.3), (4.4) and (4.5) are
equations (4.42), (4.44), (4.46), (4.48) and (4.50) respectively, that is,

S(1) = 8y — (S3(Bl,y —w) — (L —a}Re — 3} — 5(BS; — &) — Blo(Blo —2u—v))— 8y —
Lolu —BL,))— Ryll—af2a—u—BL, — lj)tzflz

I(t) = Iy — (15(B(Sy —u) —yl, —aRght— (I:-':BESU(SU — L) —BSyu} —uly—ul) - B(Ru':l -
o) — 81,,) —BSp{aRy =y L) —¥Loly— ) —aRy (v —2a— 1))t/2
R{t) =Ry —Ryla—u—(l —a}jt— Re(a—u— (1 —c))? t3/2
3,.(1) = 8,5y — Suplew — wlt— Splew — u)} t7/2
Lty =1, — (¥, =88, —ul Jt— ([, {(v(x—v}—8(BS; —8) —u?) —IyiB3, — Zu) — [ayR,
— (1 —Rg)BRg8 —25,8u))1°/2
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RESULTS AND DISCUSSION
The model at Equi[i?riurn State

At equilibrium Zj_ er - Zf -

letS=xI=vw r=g S5,=mandl,=n
Equation (5.1}, (5.2) and (5.3) becomes
—fPxn—ux—(l—alz—3In=0 _ - —
Bxv—uy—yn—az=1 - - -
az—uz—f{l—ajz=12 - - -
From equation (5.3) 2= 0 - -
Put equation (5.4) into equation (s.1)
—fxn—ux—Bn=20

i —Bn—u)—fBn=20

x(—Bn —u) =—8n
) L

Fx—u - - - - -

. N =

From equation (5.2

Bxy —uv—yn—oaz=10

T

,_ _Sfnu
i Ban—ulfrn—u - - - - -
gi Snifn—ut
r= i s __r =L‘i",u Hnd T = ﬂ
fx—p Fon—pifn—pi

The Disease Free Equilibrium

The absence of infection, where ¥=© is known as disease free

equilibrium or zero equilibrium.

Hence, we substitute ¥ = @ into equation (5.2)
Bxy —uy—yn—oaz= 1

B0 —u(@) —yr—az=10 - - -
—x =0, v=0, z=0

x=y=z=0 we have the disease free equilibrium as

®yv.z) =[(0,001 - - - - -
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The Endemic Equilibrium State

The presence of infection, where ¥ # @is known as endemic or non-zero

gi Sulfn—nl
, V= e— = 0
Bx—pn : B8 —uifn—u) j -

(owyz)=(x=

- - -ls9)

Stability Analysis of the Disease Free Equilibrium (DFE)
Given the system of equation, the model at equilibrium state as
—PBxn—ux—(l—ealz—8Bn=10

Bxy —uv—yn—oaz=10

az—uz—f{l—ajz=12

Consider the characteristics vector A, expressed

‘ —fn  —q ] ‘ x

=| fx — i Q (}r)

¢ —p —[(1—a)l*z (g)
= \o

The matrix A of the system of equation is given by

=9
H

0
-

S
= e b

—fn  —u Q
B — i o | =0
A=lx —pu —[(l- a)
The characteristic determinant of A is given by
i—fr— A} — i 1]
fx == A) 0
detld — Al det A =1 @ —u —ll—a—A4l]=9
G

— A
- = Dl a- D) g p(—px(l—a— D+ o
S (=D —Dl-—a=D=¢ . - - . )

(5.10)
Recall from equation (5.8) that DFE is given as
(x,y,z) = (0, 0, 0
It follows that,
(—fn— A — it 0
fx —(u— A1) 0
Det |4 — 4] = dec| = —p —{l—a—A4)| =9
=S {(=fn— D —Dl—a— D=4 _ ) ) ) )

(5.11)

&
Either - n—-A=oorp+A=o01- +A=0
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=\ = nor7\1=-uor7\3=a—1 - - - - -
(5.12)

From equation (5.12)

A2<O

Aiso

4
A<oif <1

4
A>oif >1

Hence, the DFE will be stable if " < 1 and unstable if " > 1

Stability Analysis of the Endemic Equilibrium (EE)

At non-zero equilibrium we obtain,
i Gnifn— ui

(x)y,z] = (8= g5n-uiti-u:, o
From equation (5.10)] we expand to have

£n e Frdu Bnd  affnd ady  fnp affinu
A+ AN+ U + A — '+ + - + UA — + —

B afxp
+ -

=0
Collecting like terms of A

1

Brpe  fn frl p oeu Br oaffn fnx
+ + + -

Br g e
A+ + 41- A+ - A+ - +

e B
jw=o - - - - - - - - (5.13¢]
We apply Bellman and Cooke theorem of stability theorem:
H(Z)=P(Z €7,
where Pz wlis a polynomial with principal term.
Suppose H{i¥).Y €R is separated into real and imaginary
parts.
H{iv) =F(v} -G (v) - - - - - - -
(5.14)
If all zeros of H{(z) having negative real parts, then zeros of F(y) and
Gly) are real, simple and alternate and
2(0)G(0) = 0 forall Y€ R ; ; ; ; ; ; ]

- - lsas)
Conversely, all zeros of H(z) will be in the left- half plane provided that

either of the following conditions is satisfied.
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(i] All the zeros of F(y) and G(y) are real simple and alternate and
the inequality in (5.15) is satisfied for at [east one y.

(i1) All the zeros of F(y) are real and, for each zero, the relation (5.15) is
satisfied.

Let (5.13¢c) be expressed as

HA) =2 —(fn—u—1—a)?” = (Bni—fn— fnc —u—ou)k —(Bn —afa— fux—

offn) .
Setting  /+=iw , we have

H{iw) =F (W) —ig(w) - - - - - - -

- sy
Where Fly) and GG(y) are the real and imaginary parts of (5.17)
Substituting ~ * =iw into (5.16), we get

H{iw) = (iw)® — (Bn— u —1 —a)}(iw)” — [Pnu— Bn— Bno — u— auliw)
— (Bn—apn— Bnx —apnxju

= —iw —w {fn—u—1—-a)—(Bnu—fn— Pne — u—au)(iwl — (Bn —afn— Pnx—
ctffnsiun
e
Separating the real and imaginary parts of (5.18b), we have
Flw) =—w (fn—u—1—a) - - - - - -
- [5.19)
Glw) = (Bnu—Bn—Pna—u—oau) —w’ - - - -
- (5.20]
Differentiating (5.19) and (5.20) with respect to w, we have
Blw) =— 2w(fin—pu—1—a’ - - - - -

- (5.21)
Glw) =2w
- - - - - - - - - (5.22)

Set’ w=10

Fo)=0 . - - - - - - - (5.23)

G(0) = - - - - - - - - (5.24]

F(0) = ; ] - - - - - - (5.25]

G{0} =0

Applying the initial conditions for stability,
Since  F(0)G(0) — £(0)6(0) =0
Lec k= F(0)x5(0)=0
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By the above theorem, K > o implies stability otherwise instability.

Simulation

In this section we simulate some standard scenarios to explore the
behavior of the model. This can be done in an infinite number of ways,
but we have chosen five main scenarios based on the transmission rate.
This corresponds in some to real life scenarios where the environmental
condition provides different possibilities for the spread of disease.

Graphical Representation of the Model Using MATLAB

Here we now show the graphs generated from the general solutions of

our model (that is equations (4.42), (4.44), (4.46), (4.48) and (4.50)). We
use hypothetical values to generate tables and graphs
Simulated Results for « = o0.001, B = 0.015, Y = 0.01, U = o.,
S, =500, I, =50, Ry =50

Susceptible individuals

Sim ,
SEI = ~ — S SN S T——
0 5 10 15 20 25 30
Time(day)
R,
35
o 30
©
3
e,
2 25
e}
£
g ,
£
3
g 15
2
[0}
2 10
. Q
Simg 5 L
SU =
0 : : ‘
0 5 10 15 20 25 30
Time(day)
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Susceptible vector
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@'307
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10
0 | | 1
0 5 10 15 20 25 30
Time(day)
Figure-3
Represent the recovered individuals in the population
Simulated Results for & = o0.001, B = 0.015, Y = 0.0, U = o.I,

S, =500, I, =50,

Population of infected vector

_lv‘

[
—

Infected vector
»

S

[N}
=gl

(=]

15 20 25 30
Time(day)

Figure-4
Represent the Susceptible vector in the population
Simulated Results for a = 0.003, = 0.015, Y = 0.01, L = 0.1,

o
[8)]
=
o
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5.0 =500, L, =50,

” Population ofInfected human individuals

[l

15

10

Infected human individuals

0 | | | |
0 5 10 15 20 25
Time(day)

DISCUSSION OF RESULTS

We notice from eqn(s.12) that the disease free equilibrium (DFE) will be
stable if @<1. Nevertheless, since the Eigen values are not all negative,
we conclude that the zero equilibrium state is unstable. Applying
Bellman and Cooke’s theorem to verify that the stability of the endemic
equilibrium, we discovered that our non-zero equilibrium could not meet
the condition for stability according bellman and cooke, Hence the
result of our analysis shows that the non-zero equilibrium is unstable.
The implication of instability of the system is that, the population
cannot withstand widespread occurrence of the disease.

CONCLUSION

The disease free equilibrium will be stable if a<r1. This means that the
population is sustainable. The instability of the non-zero equilibrium
state that in case of any disease outbreak, the population is over
powered. We deduced from the graphical justification that no matter the
transmission rate, if there is a concerted effort in combating the disease
outbreak the population is sustained.
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