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ABSTRACT

e goal of Uis pager i1 o ollain e wmegual masses of We loms moving in gomtbry of o compontnt [rmions
sy, The e comportnd [rmions systims bave ber corvidined. The (rmion-dimer acattning bl Qs and dimer-
dimer scattring lowglh Qg in e wnivernsal Lmid of lirge [rmion-frmion scattning gl Qs ¢ bane been computed.
Tl scattering proprties of e fprmion-dimer, dimer-dimer and e mass r6tio dependence of e wniversal frmion-dimer
arnd wriversal dimir-dimer scattoving lnglh bave ben analyged. Scatliring proprtics of compond aystem indicate 4 deey
Key word: Atoms, [rmion-(trmion, [prmion-dimer, dimer-dimer and Hamillorian

INTRODUCTION

In particke plyrics, 4 [prmion i 4 partiche Wt [ollows Fermi-Dirac datistics. Ther particles obey e
Pavli Exclision Principle. Fermions include sl guanks and leptons, as well as Al comporite particles
mide of an odd rumben of Hhere, wch ar Al baryors and many atoms and i, Fomions L
[pom bosora, whick. oley Bose-Einatiin satistics. A [trmion cam be an dementang panticle, such an Hhe
decthron, or i1 can be 4 composite particke, such as Mt proton. According To We spin- datistics Hheorom
meWMWWW,MW#WWWW, while
particles with ball-integer spin are [rmions. In addition To Ye opin daractinistic, (rmions bave
WWW:WWWMWMWWWM.TW,WMM
wwally refened To as e spin Aatistics rlation i in ol 4 spin datistics-guindim wmber relation.
(1) As 4 coneguence of Hhe Pavli Exclusion Principle, only one [trmion can oconpy 4 particulan
quartom et a1 sy guen Bime, N mulliple [rmions bave We same spatial probability disribution,
W a1 Least ome property of each [rmion, weh a1 it spin, muat be Affrent, Famions ame wually
anrociittd wiltl matler, whertas bosoms are grrally [orce camnien panticles, dltlougf in e et
date of particle plyricr Mo distinction betwen e o comepts s wnclean. Weakly deracting
[rmions, sk 4s protoms and neutroms are He by building llocks of weryday wattr. The vame
[rmion was coimd by Englisd Yeorttical plysiciat Panl Dirac (pom e swaname of Malian phyricist
Emice Fomi. (2] The Standard Model recopriyer twe typer of tementiry [rmions: quarks and
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,M,WWWW),MMWW(W,WMM,M,M
wurine | i particke and Tan wwtrine ), along witl e comesponding antiparticle of eack of Here,
Matlematically, [rmions come in Yhree Types: W@ZW (massless), Dirac [prmions (marsive),
ard Majorara [rmions (cack s own antiparticle). Most Standard Moded [rmions ane belived 1o be
Dirac [rmions, lllowgfh 1 s wwdmown a1 Uis Time whether We metrinos are Dirac or Majorana
[rmions (o1 both). Dinac rmions can be tuated as 4 combination of we Weyl [ermions. (3] The atom
belivm-3 ( 3He) i1 made of To protors, ont wutron, and e dechons, and Wertjore 1 34 4 frmion.,
The sumber of bosons witlin 4 comporite particke made wp of simple particles bovnnd will 4 otertiol
bar no dftct on whetler 1 s 4 boson or 4 [amion. Fomionic or boronic bebavior of 4 comporite
particle (or aystem) o only sen a1 lirge (compartd 1o 2ige of e systen) didtances. AT provinty,
where patial stctont begims To be importind, & comporite particle (o1 systim) bebawes according To s
consliluent madtvp. Fomiom con hilit bosoric bebavior when Hhey become Loosly bound in pains.
TMW%W%MWM@MWWM%W} WMMWMMX
matials, decthors st Ynoush e eechangt of phorons, forming Cooper paing, while in belivm-3,
Cooper pains ant formed via spin [luctuations. The quasiparticles of He (pactional quantum Hall effect
art also bmown a1 comporite [rmions, which ae decthons Wil an wen sumber of quartiyed vortion
atached 1o Wem.

In 4 quantom [eld Yeory, Were can be [ld configuations of borens whick are Topologically widted.
These ane colerant states (or s0litoms) which bebave Lde 4 particle, and Wey can be [prmionic wen 3 all
Y corbituent particdes are bosors. Thin was discovertd by Tony Shyrme in Ye earky 19604, 10
wMWvaaW-MW[W,mWWWMWMMWMWW
larg distance bebanion of peora. I Skuyme's model, rproduced in He larnge N o1 sring approeimation
To quartum chromodyminics (QCD), e proton and nuron e [rmionic Topological 1olitors of e
pion [ld. Whereas Shupme's example involved pion phaytics, Ware s 4 much more familian eeample in
guistum echodymamics will & magnetic monopole. A borenic monopole with Hhe amallest porsille
migmtlic dhargt and 4 boreric vrsion of Hhe dectron will form 4 frmioric dyon. The analogy between
. duprmions. (4 TMWWW@MWMWMCWM&WW
umbers and provide 4 pluvical mechariam for Hhe Pavli Exclision Principle.

[ corsiots of 4 partially erdered 46t in which wery twe demerts bane 4 wigue spremum (also called
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weample a0 gwen by We natwral sndens, partially orded by Awislility, for whick e wnigue
Aloms moving in gomihry cin slie be daractnippd s gghsic ductnts 1aiafying cntain
WWWWWOWWWM,WWM¢%WWW
arnd wiversal dlgghra. (6] Atoms moving in grometry bave some cormections o Hhe [anily of gpowp-like
con be viewed an conviating of e commudative sumignonps baving e sime domain. For 4 bounded
aloms moving i gromtiy, et snispoups st in [l commudative monoids. The alrorption law Lo e
only defiming dertily Wl s peenlion To doms moving in gomtby Yhtory. By commidativily and
[inite sets, ratber Wan on demerts. ’%4MWMM\$WWWWWWW
omply meid can dlso le defined (a2 0 and 1, regpectively). [1] Tlis mates bovnded atoms moving in
MMM%W%&W.

MATERIALS AND METHOD

For Hhe aystom of particles intracting with 4 [inmite range potential, a1 Low energies Me scattring plase
W5(P)“W@W”‘WW“W'

p tan&(p) =a—ff+5rffp2 + -

/’

WMﬁdmmemmWWMWOWM, affummww,wrff L e
offective range. (8] In e yere range Limil, Me scattring lngdh Lo rdlated To dimer binding energy by
[ormila

Bd= !

(2 ay)

2

Where 1 24 e reductd mans e mon-rdatividtic Hamillorian in e cortimmum ia

A = To5— [ dr Vb () Vby(r) + Cy [ drbf by ()b} (b (r)

3

Where o Labels te particle species, Co io He yro ramge imtvraction stung, Ds and b ane te
Therdfore, e mom-relativistic Hamillomian with O (a*) improved action ia

H = %55 ZnlZieos @pg b3 () bs(n+ )] + Co T b (Mby(rbF (Dbi(r) 4
WmnW&ZhMMMWWMQ)O,wl,wZ,w&
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Let w1 consider 4 e body systm with yro To1al momentum and 4 potintial of 4 [inite range R on 4
periodic. Then He wave function it distancs T > R takes Hhe arymplotic fpom W (1)~ cos[pr +

O(p)], due 10 Hhe periodicity it satisfies We condition SU(L?“) = ‘P(—%a) ind 0. (1)|La =
0,V ()| _ra, whick yield

2
pLa + 25(p) = 2nn n=20,12,..
S
TMWMWMMMW%WW.
FW,MWWMMMWW&MM“%‘%V‘W%#‘W%WMu
My + my. Therefore, we compute e dimen elfective mass by

P 4q.
D(P»md)—COZmd+C1P +
€
Where c; are te codffpcionts 1o be detrmined by Hhe [, D Lo Ut 1o1al momertum of e moving dimer
and Mg i1 Yt plysical dimer mass. The rtlative momentum of We [prmion-dimer i1 detrmined by

2
E}dzzzﬁ—Bd—ABécos(p al a)
5
Where Ef; ia the ftrmion-dimer entngy i dtom sige L, DBy ia the finite volume comection of e
dimer birnding emngy ABy = B — By, a:(m:;u)wu;damw-mw
i, In tach calewlation male 4 [ waing the plase dlifts and e rlative momerdum in e Dumeated
dffective ramge eepansion

1 1(r 2
aff p tan6(p) = E"‘E(ﬁ) (affp) + -
arf

g
Where asq and Trg are the [rmion-dimer scittring lnglh and dffective range. (8] Therdfore, e
nelative momentom bwen two Aimer are guen by

2
L, =-L——2B; —2ABLcos(p a L a)
2Mgq

9
Where Ef; i the dimer-dimen entrgy i atom sige L and [y i te dimer-dimen seductd mass. The
Duncaled dffective ramge eepanvion To eetract We scattring longth
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1 1 2
ap p tand(p) = agg + 5(%) (agrp)” + -
arf

10
Wszadd Mmm—mm«’/hgwwrdd w%&m—/«meﬂt\dmmy

F! . ‘.
Lt comider e spin T and ome spin | particdes intracting via della [unction potential. The
Hamillonian of e syslem s,
Hpa = =5 0%, = 5= 0%, = 5m 02, + Col80xs — x1) + 8(x3 = x2)]
17
2

wmaﬁ:(j’? My, My and Mg are We masses and X1, X AN X3 4t e coordinates of e
i T, spin T annd spin L particles respectively. Equation (11) can be rewnitten s

=1 52__1 52 _x _x
Hfd_ 2m, ax 2mg ay+CO [6 (y 2)+6(y 2)]

12
Weere
m1 - mz - mT
m3 = mT
mp
Ho = —
_ _Zmmy
Ha = (2mp+my)
X = xz - x1
_ MaXi+maXxy;
Y= (my+my) X3
12
. 1
Te SclrSdingr cquation im the limit My = 0 & _%ayzq)(y;xﬂco[(g(y_g%
5(y=3)|¢:0) = u@d () 1%

Weere (V; ) s he soliion of cquation () for & foied value of X. Using bowndsry conditions, Ue
continmiy of Ue wine functions and the discontimuity of Wein il deriwative y =+, we obicio
ZKLWMAW#JC,

2
u(x) = i[—ﬁ +§W((—1)l+1xﬂexﬁ)]
1S
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Whore B = Copts, W(r) ia the Lamdert W funcion snd 1 =0 (L= 1) gives the ewenm (odd)
solution. (3] Now, wiing 1y (x), he solutions of cquation () in equation (12) ard we cam solue
tquation (12)

— 50V (0 + w (@)W () = E¥(x) 16

The 1614l wane function of We [rmion-dimer system, cquation (12), P (x,y) = P (x) ¢(¥;x) 41
WWWO&X]_ > Xo.

D A
Let comviden two spin T and ome spin | panticles. Tle panticles with Afferent species ane inttracting via
WWW T&Hm&wma{lﬁw%uw,

Hfd - __62 _69%2 - L 63?3 __69%4 +C0[6(X3 _xl) +6(x3 _xz) +

2m, X1 N 2m, 2mg;
8(xs — x1) + 8 (x4 — x3)] n
Where my, my, ms and my ane #e marss and X1, X5, X3 aNd X4 are e coordinates of e

i T, spin T and spin L particles respectively. Equation (11) cam be rewnitten as

Hpa = —7-02 == 03 = =05 +co|8(y =5) +8(y=5) +6(z -3+
o) 0 (2754 )|

19T+m¢ 2 2my+my

Whene

m1= m2= mT
mz = My =m,

_m
M2 2
_ mmm,
H3z = —————
(2mp+my)
_ Cmp+mym,
Ha (2mp+my)
X = xz - xl
_ m1x1+m2x2
y=—"—"—5 —X3
(my+m3)
m1X1+m2x2+m3X3
Z = — X4
m1+m2+m3
19

The Scbrddingr equation in the bimil My — 00 L4
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[—iaﬁ + Cy6 (y—g) + C, 6(y+;£) —u3(x)]q§(y,z;x) + [—iag +

Cod (z—;—c) + C, 5(2 +§) —u4(x)]¢(y,z; x)=0

20

Were d(y, z; x) ia e solution of equation (20) for 4 fieed value of X and Uz (X) + Uy (X) 42 He

Wa{%wﬂma&%(zmﬁmaw«wa{x. UWWMM,WM

o the wane functions and e discortimuitly of Wein fint deriuative y = £, and 7 = £ we
2

w51 (x) = 5[ Bs + W ((=D* ' xBse*Fs)

21

2
Uy (x) = i [—ﬁ4 + iW((—1)l+1xﬁ4exﬁ4)]
2
Where By = Coptz, By = Cottay W(T) is the Lambert W function and | =0 (1= 1) ges
e cwen (odd) solition. (8] Now, wsing Us 1 (X) and Uy 1 (X) in cuation (13)
B ia’%l‘u(x) +uz () + uy ()P (x) = E¥(x) 23

The dimer-dimen system, Hhe 1o1al wave function of auaition (12), ¥V (x,y,2) = Y (x) ¢(y,Z; x)
L antiaymmiric wndir cecbangt of X1 < X5.

Hamillowian Movemert of Alom is Geomiry

Tbe mon-rlativistic Hamiltowian with O(Q") improved action and we show Hhe derivition of Hhe
bopping cotfficients in tquation (). Let v corvider 4 vingle particle mom-rdlativintic e Hamillonian,
ﬁfree = ﬁfdr Vb;- Vbs(r)

24

And it's Hhe movement of atom in gLometry can be writte 4s

Hiree = 7 Yin Spms* w [bF (n + k) + by(n) b ()bs(n + k)]

2

Using the ScbrOdingr equation for the single particle, we can ind e eeprssion for Hhe energy
vionsion nelut:

Htreelp) = Q(0)Ip)

2

N | R
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Ip) = =Xne®" b ()Ip)
2]
And Q (p)is the movemert of atom dispervion selation

1 kmax kmax o0 (_1)17
Q(p) = -T2 wie cos(k p) = 6" wie Bozo g k2D
29

The fimal, expreasion can be solued up o desined arden i smomertuon such Wal he Aispersion relation s
Q(p) = %+ O(D?Y). (8] For imstance, & we solue equation (28) for Wy bopping codffpcints
whick ives te disprsion relation Q(p) = L+ 0(p®), therm we fid Ky = 3 v e ol
Ve following st of equations,

W0+W1+W2+W3=0

29

Results
The following are W resdts oftain in Ue 1ables below:

Table 14: Two ftrmion Scattering length of %: 5.0 and % =10.0

SIN ay [T _e ] ™
a m¢ m¢
s a =10.0
Qrr a
Arr

gl1isalr
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1 1 0.40 0.42
2 1 0.50 0.54
3 1 057 0.60
4 1 0.65 0.6
S 1 0.0 0.4
€ 1 0.75 038
7 1 0.20 0.93
g 1 0.85 0.90
49 1 0.90 0.96
10 1 0.5 1.00
1 1 1.00

Table 16: Two ermion Scattering lewgth of %= 0.5 and %= 1.0

SN gy |M_g5o| It

my my
r a = 10.0
Arr -
%

1 1 0.28 0.20

2 1 0.2 0.9

3 1 0.39 0.4S

4 1 0.43 0.50

S 1 0.4S 0.55

§ 1 0.50 0.59

7 1 0.53 0.61

] 1 0.55 0.66

4 1 0.5 0.0

10 1 0.60 0.4

1 1 0.63 on

12 1 0.65 0.30

13 1 0.6 0.93

14 1 0.0 0.95

15 1 0.3 0.99

16 1 035 0.92

n 1 078 0.4

18 1 0.%0 0.9€

19 1 0.92 0.94
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SIN ™ _
my my my my m my
0.1 1.0 2.0 4.0 7.0 10.0
afd a afd a afd a afd a afd a afd a
s Arr | G | %y | Gr | Gr | Gr | Yy | Gr | %r | G | Yr
1 1.02 006 |150 [012 [148 |045 254 |046 [320 [0 |32 |08
2 1.02 0.00 |150 [046 [148 044 254 |020 [320 |02 [322 |02
3 1.02 004 |150 [020 [148 [023 |254 |024 |[320 |025 [322 |02
4 1.02 040 |150 [021 [148 [025 |254 |026 [320 |02) [322 |029
S 1.02 013 |151 [030 [149 |03¢ |25 |03 [321 [033 [323 |040
§ 1.02 018 |152 |03 [149 |04 254 |04 |32 [043 |334 |0S0
7 1.02 019 |155 |043 [149 |052 254 |0S4 [322 [052 |335 |040
2 1.02 022 |15 |04 [149 |05 254 |06 [323 [065 [338 |04
4 1.02 024 |160 [0S3 [149 |06 254 |06F [324 |07 |34 |0
10 [1.02 026 |163 |0S6 [149 [063 [254 |03 [325 |03 |34 |033
7 [1.02 020 |166 [062 [149 |01 254 |03 [326 |0.83 |342 |08
12 [1.02 0282 130 [066 [200 |07 260 |083 [32) |08 [349 | 040
13 [1.02 020 (130 |07 |200 |08 [260 |083 |228 [072 |[349 |04S
% [1.02 031 [130 |02 |200 |08 [260 |042 |230 |09 [350 |0.44
15 [1.02 033 |10 |03 [200 [0.8% [260 |046 |-
16 [1.02 035 [130 |03 |200 [042 |- -
n (102 036 (130 |083 |200 |04
1% [1.02 05 [130 |08¢ [200 |03
19 [1.02 038 |10 |09
20 [1.02 039 [130 | 040
21 | 1.02 040 (130 | 043
2 |10 042 [130 | 045
23 [102 043 [130 | 044
Table 3: The Dimer-dimer acattring lengdh. extrapolation with values of e mans ratio
SIN | = mo_ m_ m _ mo_ m_
my my my my my my
1.0 2.0 5.0 8.0 11.0 15.0
Aga a Aadq a Aadq a Aadq a Aga a Aga a
Yr 1 Yr | Yr | Yr | Yr| % | %r | Yr | Y | Yr | % | 9
1 1.50 0.30 | 1.50 035 (12 |040 155 (041 (135 | 041 |19 0.42
0
2 1.50 | 035 | 1.0 043 |12 | 043 |155 |0S0 (177 |0S2 |148 0.53
1
2 1.50 | 0.43 | 1.60 0S50 |1. |0S€ |156 (057 [178 |0S9 |198 0.60
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1.50 | 0. | 1.60 0.56 31 064 |156 |06 |18 | 0.6 |1.99 0.69

1.50 | 0.54¢ | 1.60 0.62 37 030 |15 (032 |13 |03 | 199 0.5

1.50 | 0.59 | 1.60 0.67 31 036 |158 |08 |1.80 |0.80 |2.00 0.20

1.50 | 061 | 1.60 072 31 0.80 (159 (08¢ |1.81 |08 | 200 0.3

1.50 | 066 | 170 0.7¢ 32 0% |160 (088 (181 (091 |2.01 0.91

1.50 | 0.69 |10 0.20 32 0491 |1.60 092 |1.81 (043 |2.01 0.96
2
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DISCUSSIONS

Tle Wwo-frmion scatlering lengths [rom Hhe aloms moving in gomehy calelitions [or & Aifffprent masn
utio " and (or Laving & broad rurgs of space wlere U dffctive range expansion s eotacted Qg
wiing e calelition scattring phase dift 5(p) and the rtlative momestom D [pom Hhe atom

Fig. 1 demonstrates We ecract We ascattrning Longth [pom Hhe stoms movement gometry calewlations
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witl, wegligible dtoms antifpcts. The contimuumn limits eotapolation of the frmion-dimer 1catlering
lenglh g 41 & (packion of e [trmion-fermion scatining longlhals . The satio Z—’;awmm
A & Amown as e wniversal frmion-dimer scatting bonglh. Fig. 2 Aioplay e slom movement in
WWM«WWWWM&WW%WK&WWW
eehapolation L1 meeniany 4 My — 0. Fig. 3 ndicate e cortimm Limil eohapolition of e
dimer-dimer scattring bl Ay 41 4 (paction of Hhe frmion-frmion scattrning lugh Qs r. The

ratio ~U s pivernal and 1 1o called the minersal dimr-dimer scating longlh.
ff

CONCLUSION

AU propertics of e atom moving in gromttny systom scale s proportionslly with (tmion-frimion
scattring Lenglh. while We case of e o component (trmions wilh Aifferent masses, We ratio o 4 new
wriversal fmion-dimer scattring bingll and wniversal dimer-dimer scattring lenglh.
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