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ABSTRACTABSTRACTABSTRACTABSTRACT 

Stationary iterative solution of algebraic system of equations requires the input of the coefficient matrix  A, 
the constant column vector b, the initial approximation x0, the tolerance parameter, tol and itmax, the 

intended maximum number of iterations.. While the coefficient matrix and the column vector are given, the 
initial approximation, usually taken to be the zero column vector of the same dimension as the constant 

column vectorb, the tolerance parameter and the intended maximum iterations are to be supplied by the one 
performing the operation.  Again, the intended maximum iterations only sets the limit that must not be 

exceeded, the tolerance parameter plays a significant role in the arithmetic precision of the output. The 

Jacobi and the Gauss-Seidel iterations are used to solve some equations and they yielded useful results. The 
tolerance parameter was observed to have effect on the number of iterations as well as their minimization of 

the errors involved. 
KeywordsKeywordsKeywordsKeywords: Stationary iterative methods, algebraic system of equations, tolerance parameter, minimization 

of the errors. 

 
INTRODUCTIONINTRODUCTIONINTRODUCTIONINTRODUCTION:  
The solution of linear algebraic systems of equations         
                            �� 
 �                                                                                                         (1)  
appears in almost all aspects of human endeavor, especially the solution of discretized 
partial differential equations in modeling of engineering problems to economic problems [7, 
8,10]. Direct methods of such equations are usually applied where the number of equations 
involved is small. But for large linear systems, iterative methods are preferable, especially 
where the coefficient matrix is sparse [3, 6, 9]. In this work the Jacobi and the Gauss-
Seidel methods are used to solve algebraic linear systems with different tolerance 
parameters to test the degree of precision of the solution with the choice of the zero 
column vector as the initial approximation. While the � dimensional zero vector is usually 
chosen as the initial approximation, the choice of the tolerance factor varies.  The degree 
of accuracy of solution is sensitive to the choice of these two factors. In fact the stability 
of the method depends on the tolerance [1,7].   

 
MATERIALSMATERIALSMATERIALSMATERIALS    ANDANDANDAND    METHODSMETHODSMETHODSMETHODS        
Iterative requires the normal splitting the coefficient matrix � into � 
 � � � where � is 
invertible. This gives  
                   ������ 
 �������� � ����                                                                             (2) 
as the iterative scheme [9,11].  

    
Jacobi IterationJacobi IterationJacobi IterationJacobi Iteration    
The Jacobi method uses successive correction whereby the initial approximation ���� is 

used to compute the next approximation ���� 
 ������, �����, �����, . . . , ������	 which is in turn 
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used in the computation of the next approximation ������ 
 ��������, �������, �������, . . . , ��������.  

The  Jacobi method is therefore defined as 
          

      

	
������ 
 1"## $� % "#&�&���#��

&'� � % "#&�&����
&'#�� � b(																																										�3� 

and in vector form as  ������ 
 �*��+���� � *���   where     + 
 , � -     [8] 

  
GaussGaussGaussGauss----Seidel IterationSeidel IterationSeidel IterationSeidel Iteration    
The Gauss-Seidel iterative scheme on the other hand is called method of simultaneous 
correction improves the Jacobi method. In this case the initial approximation  ���� is used 

to compute the next approximation ���� 
 ������, �����, �����, . . . , ������	 which is in turn used 

in the computation of the next approximation ������ 
 ��������, �����, �����, . . . , ������ [10].  

That is                

������ 
 1"## $� % "#&
#��
&'� �&����� � % "#&

�
&'#�� �&��� � �(																																					�4� 

        	
Thus we have �, � *������� 
 �-���� � �																																																																															�5� ,������ � *������ 
 �-���� � �																																																																							�6� ������ 
 ��, � *���-���� � ��, � *����																																																				�7�  
    
Convergence CriterionConvergence CriterionConvergence CriterionConvergence Criterion    

Although, the convergence of any stationary iterative methods depends on the structure of 
the coefficient matrix �, that is the matrix � must be diagonally dominant [2], the speed of 
convergence is also related to the spectral radius 2��� of the iteration matrix. That is (1) 
guaranteed to converge if 2��� < 1. This implies that given a matrix A, if there exist an 

eigenvalue λ and a non-zero vector x such that �A � λI�x 
 0, the largest eigenvalue λ is 
called the spectral radius of the matrix A [2 ,3]. 
    
The Tolerance ParameterThe Tolerance ParameterThe Tolerance ParameterThe Tolerance Parameter: 
The iteration process terminates when the convergence criterion is satisfied. One criterion 

that is usually used to terminate the iteration process is the relative error 6 78�9:;� < <6 in 

the successive iterates. That is the relative error is less than  =������ � ���������� = < < 

for some < > 0. The tolerance parameter ?@A is usually of the form ?@A 
 10�B for some 
integer C[1, 7, 8]. 
When the difference between the successive iterates ������	and ���� is small. 
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RESULTSRESULTSRESULTSRESULTS    ANDANDANDAND    DISCUSSIONDISCUSSIONDISCUSSIONDISCUSSION    
This section discusses the application of the Jacobi and Gauss-Seidel iterative schemes to 

four linear algebraic systems. For each problem different tolerance parameters are applied 
to test how sensitive the parameters are to the rate of convergence of the schemes. 
The results obtained, the number of iterations and the computer execution time for each 
problem in Table 3.1 are shown in Table 3.2a -.2d 

 
Table 3.1: The ProblemsTable 3.1: The ProblemsTable 3.1: The ProblemsTable 3.1: The Problems    

S/N Matrix � vector		� Dimension 

1111    D 8			1			11			2			41			3			6			G D 2011	23G 
�3H3� 

2222    I7			1		 � 3			12			10			1			43			1			8			21			2			4			9 K I�6163627K 

�4H4� 
 

3333    

LM
N11			1		 � 2			0			32			8			1		 � 1			21			2			10				2				33					1				1				8			21		 � 2			1			3			12OP

Q
 

LM
N4819113354OP

Q
 

�5H5� 
 

4444    

L
MMM
MMM
N 8			2			0			0			0			0			0			0			0			02			8			2			0			0			0			0			0			0			00			2			8			2			0			0			0			0			0			00			0			2			8			2			0			0			0			0			00			0			0			2			8			2			0			0			0			00				0			0			0			2			8			2			0			0			00			0				0			0			0			2			8			2			0			00			0			0				0			0			0			2			8			2			00			0			0			0				0			0			0			2			8			20			0			0			0			0				0			0			0			2			8O

PPP
PPP
Q

 

L
MMM
MMM
N10121212121212121210O

PPP
PPP
Q

 

�10H10� 
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Table 3.2a 

          JacobiJacobiJacobiJacobi    GaussGaussGaussGauss----SeidelSeidelSeidelSeidel    

 Exact Exact Exact Exact 
SolutionSolutionSolutionSolution    

Iterated Iterated Iterated Iterated 
SolutionSolutionSolutionSolution    

|STTUT|    No. of No. of No. of No. of 
IterationsIterationsIterationsIterations    

Iterated SolutionIterated SolutionIterated SolutionIterated Solution    |STTUT|    No. of No. of No. of No. of 
IterationsIterationsIterationsIterations    C =1 D2.00001.00003.0000G D 1.9757	0.9522	2.9418G D0.02430.04780.0582G 

6 D1.99371.01402.9941G D0.00630.01400.0059G 
3 

C =2 D2.00001.00003.0000G D	2.00361.00733.0079 G D	0.00360.0073	0.0079G 
9 D1.99901.00202.9992G D0.00100.00200.0008G 

4 

C =3 D2.00001.00003.0000G D2.00031.00063.0006G D0.27960.55930.6183G ∗ e � 03 
13 D1.99991.00032.9999G D 0.14540.2796	0.1156G ∗ 1.0e � 03  

5 

C =4 D2.00001.00003.0000G D2.00000.99992.9999G D0.40860.81730.9052G ∗ e � 04 
16 D2.00001.00003.0000G  D0.20500.39140.1615G ∗ 	1.0e � 04 

6 

C =5 D2.00001.00003.0000G D2.00001.00003.0000G D0.31480.62960.6971G ∗ e � 05 
20 D2.00001.00003.0000G   D 0.40200.7657	0.3158G ∗ 	1.0e � 06 

8 
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Table Table Table Table 3.3.3.3.2222bbbb    

     JacobiJacobiJacobiJacobi    GaussGaussGaussGauss----SeidelSeidelSeidelSeidel                    

 Exact Exact Exact Exact 
SolutionSolutionSolutionSolution    

Iterated Iterated Iterated Iterated 
SolutionSolutionSolutionSolution    

|STTUT|    No. of No. of No. of No. of 
IterationsIterationsIterationsIterations    

Iterated SolutionIterated SolutionIterated SolutionIterated Solution    |STTUT|    No. of No. of No. of No. of 
IterationsIterationsIterationsIterations    C =1 I 1.0000�3.00004.00002.0000 K I 1.0788�3.02403.90511.8525 K I�0.07880.02400.09490.1475 K ∗ 	1.0e

� 00 

4 

 I 1.0137�2.99064.00701.9963 K I0.01370.00940.0070	0.0037K ∗ 1.0e � 00	 3 

C =2 I 1.0000�3.00004.00002.0000 K I 0.9992�2.98914.01122.0098 K I0.00080.01090.01120.0098K ∗ 	1.0e
� 00 

7 I 1.0022�2.99974.00012.0001 K I	0.00220.00030.00010.0001 K*1.0e � 00 

4 

C =3 I 1.0000�3.00004.00002.0000 K I 0.9999�2.99934.00062.0008 K I0.10750.70330.55400.8238K ∗ 	1.0e
� 03 

11 I 1.0000�3.00014.00002.0000 K I0.41220.53330.12440.1280K *1.0e � 04 

5 

C =4 I 1.0000�3.00004.00002.0000 K I 1.0000�3.00013.99991.9999 K I0.00610.09290.07320.1044K	∗ 	1.0e
� 03 

14 I 1.0000�3.00014.00002.0000 K   I0.04610.39670.28760.2211K*1.0e � 05 

6 

C =5 I 1.0000�3.00004.00002.0000 K I 1.0000�3.00004.00002.0000 K I0.03550.62940.47620.7030K ∗ 	1.0e
� 05 

18 I 1.0000�3.00014.00002.0000 K I0.98160.40050.13460.0397K*1.0e � 07 

7 
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Table 3Table 3Table 3Table 3....2c2c2c2c    

     JacobiJacobiJacobiJacobi    GaussGaussGaussGauss----SeidelSeidelSeidelSeidel                    

 Exact Exact Exact Exact 
SolutionSolutionSolutionSolution    

Iterated Iterated Iterated Iterated 
SolutionSolutionSolutionSolution    

|STTUT|    No. of No. of No. of No. of 
IterationsIterationsIterationsIterations    

Iterated SolutionIterated SolutionIterated SolutionIterated Solution    |STTUT|    No. of No. of No. of No. of 
IterationsIterationsIterationsIterations    C =1 

LM
N 	3.00001.0000�1.00002.00004.0000 OP

Q
LM
N 3.00541.0240�0.92372.05384.0338 OP

Q
 

LM
N	0.00540.02400.07630.05380.0338 OP

Q ∗ 	1.0e
� 00 

5 

 

LM
N 3.02970.9969�0.98271.99813.9960 OP

Q
 

LM
N0.02970.00310.01730.00190.0040OP

Q ∗ 1.0e � 00 

3 

C =2 

LM
N 	3.00001.0000�1.00002.00004.0000 OP

Q
LM
N 3.00030.9979�1.00411.99633.9976 OP

Q
 

LM
N0.00030.00210.00410.00370.0024OP

Q ∗ 	1.0e
� 00 

8 

LM
N 3.00450.9975�0.99841.99943.9992 OP

Q
 

LM
N 0.00450.0025�0.00160.00060.0008 OP

Q
*1.0e � 00 

4 

C =3 

LM
N 	3.00001.0000�1.00002.00004.0000 OP

Q
LM
N 3.00000.9997�1.00071.99943.9996 OP

Q
 

LM
N0.03760.31620.65330.56300.3827OP

Q ∗ 	1.0e
� 03 

10 

LM
N 3.00070.9997�0.99971.99993.9999 OP

Q
 

LM
N 0.74290.2657�0.33330.08980.1115 OP

Q 1.0e � 04  

5 

C =4 

LM
N 	3.00001.0000�1.00002.00004.0000 OP

Q
LM
N 3.00001.0000�1.00011.99993.9999 OP

Q
 

LM
N0.00530.04890.10330.08830.0595OP

Q ∗ 	1.0e
� 05 

12  

LM
N 3.00001.0000�1.00002.00004.0000 OP

Q
   

LM
N 0.19300.0826�0.08420.02490.0306 OP

Q 1.0e � 04  

7 
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C =5 

LM
N 	3.00001.0000�1.00002.00004.0000 OP

Q
LM
N 	3.00001.0000�1.00002.00004.0000 OP

Q
 

LM
N0.02660.24620.69910.50430.3471OP

Q ∗ 	1.0e
� 05 

15 

LM
N 3.00001.0000�1.00002.00004.0000 OP

Q
 

LM
N 0.31170.1378�0.13810.04040.0504 OP

Q 1.0e � 06 

8 
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Table Table Table Table 3.2d3.2d3.2d3.2d    

     JacobiJacobiJacobiJacobi    GaussGaussGaussGauss----SeidelSeidelSeidelSeidel                    

 Exact Exact Exact Exact 
SolutionSolutionSolutionSolution    

Iterated Iterated Iterated Iterated 
SolutionSolutionSolutionSolution    

|STTUT|    No. of No. of No. of No. of 
IteratioIteratioIteratioIteratio
nsnsnsns    

Iterated SolutionIterated SolutionIterated SolutionIterated Solution    |STTUT|    No. of No. of No. of No. of 
IterationsIterationsIterationsIterations    

C =1 

L
MMM
MMM
N1.00001.00001.00001.00001.00001.00001.00001.00001.00001.0000O

PPP
PPP
Q

 

L
MMM
MMM
N1.00981.01951.02441.02931.03031.03031.02931.02441.01951.0098O

PPP
PPP
Q

 

L
MMM
MMM
N	�0.0098	�0.0195�0.0244�0.0293�0.0303�0.0303�0.0293�0.0244�0.0195�0.0098 O

PPP
PPP
Q

∗ 1.0e

� 00	
 
 

3 

 

L
MMM
MMM
N1.00981.00761.00811.00801.00801.00801.00800.99241.00330.9992O

PPP
PPP
Q

 

L
MMM
MMM
N	�0.0098�0.0076�0.0081�0.0080�0.0080�0.0080�0.00800.0076�0.00330.0008 O

PPP
PPP
Q

∗ 1.0e � 00 

3 

C =2 

L
MMM
MMM
N1.00001.00001.00001.00001.00001.00001.00001.00001.00001.0000O

PPP
PPP
Q

 

L
MMM
MMM
N 0.99890.99810.99720.99680.99650.99650.99680.99720.9981				0.9989 O

PPP
PPP
Q

 

L
MMM
MMM
N0.00110.00190.00280.00320.00350.00350.00320.00280.00190.0011O

PPP
PPP
Q

∗ 1.0e � 00 

8 

L
MMM
MMM
N0.99810.99840.99840.99840.99840.99841.00230.99861.00060.9999O

PPP
PPP
Q

 

L
MMM
MMM
N 0.00190.00160.00160.00160.00160.0016�0.00230.0014�0.00060.0001 O

PPP
PPP
Q

∗ 1.0e � 00 

4 
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K=3 

L
MMM
MMM
N1.00001.00001.00001.00001.00001.00001.00001.00001.00001.0000O

PPP
PPP
Q

 

L
MMM
MMM
N	1.00011.00021.00031.00041.00041.00041.00041.0003	1.00021.0001 O

PPP
PPP
Q

 

L
MMM
MMM
N�0.1097�0.2172�0.2933�0.3588�0.3850�0.3850�0.3588�0.2933�0.2172�0.1097O

PPP
PPP
Q

∗ 1.0e

� 03 

11 

L
MMM
MMM
N0.99990.99990.99990.99991.00020.99981.00010.99991.00001.0000O

PPP
PPP
Q

 

L
MMM
MMM
N 0.07580.06220.06410.0641�0.18020.1739�0.11060.0531�0.01970.0049 O

PPP
PPP
Q

∗ 1.0e � 03  

6 

C =4 

L
MMM
MMM
N1.00001.00001.00001.00001.00001.00001.00001.00001.00001.0000O

PPP
PPP
Q

 

L
MMM
MMM
N1.00001.00001.00001.00001.00001.00001.00001.00001.00001.0000O

PPP
PPP
Q

 

L
MMM
MMM
N0.12390.23190.33020.39120.42840.42840.39120.33020.23190.1239O

PPP
PPP
Q

∗ 1.0e � 04 

14  

L
MMM
MMM
N1.00001.00001.00001.00001.00001.00001.00001.00001.00001.0000O

PPP
PPP
Q

 

L
MMM
MMM
N�0.1556�0.1213�0.13000.4830�0.55550.4153�0.23670.1083�0.03940.0098 O

PPP
PPP
Q

∗ 1.0e � 04 

7 
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CONCLUSIONCONCLUSIONCONCLUSIONCONCLUSION    
The Jacobi and the Gauss-Seidel iterations are applied to the four problems with varying 
tolerance parameters. The effect of the tolerance parameters is seen from the number of 
iterations, the solutions as well as the errors involved. Thus, as the number of iterations 
increases, the errors are drastically reduced and the iterative solutions get closer to the exact 
solutions as the value of C increase for the tolerance parameter ?@A 
 10�B. Hence the 
tolerance parameter significantly affects the degree of accuracy of the solution. Also the 
Gauss-Seidel iteration converged twice as fast as the Jacobi method in the examples used. 
Therefore the more relaxed the parameter, the smaller the error involved and the closer the 
iterates approach the exact solution. 
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