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ABSTRACT
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e equilitriom poind of We systom is shown Zo be lobilly aspmptotically stble (GAS) vaing direck Lyspurov mithiod, Some sumerical
tridations are canied ouf To Aemonstiate e analytical rendls. ”WWW%MM/W&/W“&ﬁ%M Our

2eslls are fffective in moniloring dialetic fopulations with minor and mijor complications. e model can be wotd To smonitor glolil
Aialetic populations over Tome,
Keywords: Dialetes, Model) Complicatior, Globil st:bility.

INTRODUCTION

Disbetes i1 4 disorden of mitaboliom cavned by 1o1al (or relative) abunce of imulin wlick manifests bivically s
an devated Ulood flucon. The disorder s wwally due To 4 combination of bertditany and vwirormental cavses
(40], resulting in abmormally bih tlood sugar Levels bmown as byporglyctnia. No one is crlain as To what slarts
e procenses Wl canae diabetes (32]. But scintiots belived Yot gnes and environmental pctors intracl To cama
disbetes in most cans (32]. The prevalence of e diveare s stadily inertasing werywhere, mort markedly in e
world's middle-income covntrios. Unfortumately, dfective policies To ottt supportive mvinonment for diabetic
patients ane mol oflainalle in most sociely. Puriing wel policies o importand. Thin Lo becanse when Aiabetes s
wneonholled, 1 lar e comvqunes  for  lealth and  well-being  of  Ue  seciety  [13].

Iwitially, Liabetes war corviderned as 4 divease with less barm o e society. But in Hhe last fw years Hhere bas beon
i alarming inertare in Yo rmler of people disgroud with Hhe disase. Report releasd by World Healdt.
Onganigation (WHO) in 2003 (37] showed that 194 million people were dialietic flobally. This represnts 4 global
prevalence exceeding ke prcent of e world's population. The recert rgpent (38] put Ue estimated rumber of people
with Lialetes a1 422 million (vepresenting mmber of dialietic pationts as of 2014). Comparing with 108 million
arnd 194 million in 1980 and 2003 respectively, ome cam see Yat e prevalence of We disease bas multiplied foun
times fpom 1980. Out of Mis rumden, 1 person dies wery € seconds, 1olaling approimately S.3 million deaths
armiilly (1], The T covntrios estimated To bave Hhe bighest smumber of diabetes in 2000 and 2030 are Lated ine
Table 1 below a1 presented in [39].

Table 1: Top 20 WkMWW a/Ww 2000 asn 2030 (39]

2000 2030
Rending Covntry People with | Covntry Peaple with
Aiaberes (in Aialeres (in
L L
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1 India 310 India .4
2 China 20.8 China 42.3
3 us AN us 20.3
4 Indonesia 2.4 [ndonesia 212
S Jafarn 6.8 Pukiotan 1349
€ Pukiotan 52 Bragil 1.3
? Russian 4.6 Bungladedd. | 1
9 Bosgil 4.6 Jepan 2.4
9 lalyy 4.3 Phibippines | 7.8
10 Bangladert 32 Eqpp? €

Gererally, Wo orms of dialetes are convidened: Type 1 disbetes, also bmown an lnalin Deperdence Dicbetes Mellitus
(IDDM), 2ypically oceuns in dbildnen and young sdilts and & represnts (10-15) % of e Aisbetic population, and
Wype 2 disbetes [ormally bmown ss Non-lmpdin Deperdence Diabetes Mllitus (NIDDM), represents the major part (
85-90 ) % (19). However, there s Yird type called gotational disletesr whick affects pregmant women and 2 gous
Wéymmwlﬁwuwm.WMW%MWWWW%W@W(M}M
mafor (chrowic) complications [1]. Minor complications of Hhe diveare are very srious and bave strong bealih
bgperglycaenia byprommolar late, disletic coma, rrpinalory inftctioms and priodental Aivase. On Ue other
cwred.,

From the sbove satements, 3 s lear Wl diabetes aid in developing diffrent lind of diveases. Thus, monitoring the
gt of We disdtic population o important. Different shrateigies can be adopted frovided Hhey yild e devined
reslts, Oun internent s o show ol nvestmind in primany bealll. cart L mctsrany and To comvinet policy makers
Yat bold decirions muat be Taden ffor 4 swrlainable dwelopmert wlich eraures bettr guality of Ll and well-feing
for Hhe present and [uture grerations of buman (13].

Model Formulation

Suppose that D= 22,6 = QD and G = 3 (7 >0) represents e mumbers of disbetic pationts without
complications, with minor complications and will major complications rrpectively, and et

N=MI=DD + C(D + QD denote We sy of W population of diabetic pationts a1 Lime 7 Lt A7) denote Hhe

2[IVSAIR



1SN 25361315 (Paist) 2536-1323 (Onlisne)
Volume §, Numder 4, December, 2019

Lp:! L casiomediapullisking.com

Figure 1: Sclewaiic sepresesiuition of #e madel

A person may dewelop e disare without complications and dwelop complications with time or die natuwmally. A
diabitic patint with minor complications may die natwally, e a1 4 null of miner complications, deelop
mafor complications on bane bir/ler complications cwnd. A Liabetic patint with wajor complications may die
wituwnally, a1 & vwll of Ue complication, bave lisller Ulood rormaliped Ynough some control meamrts and
become Liabetic patint without complications. On e laris of His, we bave e [pllowing dymamics; e Aiagpam
above sbows A7) cares Uat ane disgrond in 4 Time intowal of benglh 7 and ant srrmed 1o bave no complications
wpon diagnorin. In Wis same Tme towal, We vumder of diabetic pationts witlout complications D=X7) i1 seen 1o
nentane by e amount Y Cr (thore who rcovertd [pom minor complications) and .G, (pationts who recovertd fpom
mijor complications), and to deertare by 412 (patints witbout complications whe die natwmally), A, D (patients
who dwelop minor complications) and Ay D (pationts who dwelop major complications). Duning is aame Time
intowal, e rmber of Lialetic pationts with minor complications, O=C(7) i incrand by A, 2 (pationts who
MMWW)MW@ﬁG(MWMWWMW&MWM},51d
(patients who die 4 4 resull of Hhe minor complications) and NG, (patints wilh minor complications whe Awelop
mijor complications). On e otber bard, W rumber of Aisletic patints wilh major complicalions inertares by
12D (patints who dwelop major complications) and NG (pationts with minor complicalions who dewelop major
M{»WM) and decvass éy/‘@, 0:Co, VG, and 1.0 patients wJKW MMAMM/; who Adie M,
patients who die as 4 1l of wafor complications, patients who ane swertly disalled and are vemoned and pationts
who acbirve glucon regulation rapectively.

abD

dt

dt

= A + Ao + ,a) 2 + Y4l Y + ) Y +
= MD - (0 + n + P + /t) G,

SN
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dc2

= A2 + 7’]3 - (0: + V2 + ya + V).
AMW/{#D+ G + G, the initial value problems (IVP) ine term of O G and N are

dc,

c _ < + a - MG + A,
ﬂ= (7’] + MG =0+ )G+ AN, )
dn = =00 -NG — N+

dt
G0)=Co, G0) = Co, MO) = M, E= 01+ P+ 1 + o, O=0: + 2 + e + v, A=0: + V, and Co, Co, M are e

nitial wals of G, Coand Nrspectively,

Tuble 2: Descnigtion of Viniables fon the Model (1)

Varicble Description

6'7(29.- W%MWWWJKMMMMM,
MD Total population of diabetic pationts
# Time 44 4 continuons variable.

The models ane ectensions of W models of diabetes comidered in (13, 10] by wbdividing Hhe compartmunt for
disletic population with complications inte o based on e dariificition of didletic complications mentioned in
(1.

Basic Qualitative Propernties of e Model

Simee e model (1) deseribes buman population 3 L nectssary o sbow Yot sl Yo Aate variables C, G, N are
wormegative for dll 72 0. Solutions will positive initial data smain poritive for bl 72 0 and ane bounded. Bared
on biological corvideration Wentfore, We model (1) will be studied in Hhe region:

Q=4A, QM ERS . A 20,220, N< [}

Table 3: Parameters for #e Model (1)

Pairametr  Ducription

2 witwal  Aeath,
Ao prolability o dwdoping minor complications,
VIS prolability of dwloping major  complications,
n nate of dwtloping major complicalions [pom minor complicationa,
Yo 2l o reovry [pom  minor complications,
Vo 2le o ntcovtry [pom  major  complicalions,
O Adeatl  induced &7 Manor MAMW,
0: death  ndvcd by major  complications,
Vo nate of wlick Aiabetic patint with major complications become swertly disabled,
/: ncrdence of diabetes.

Positivity and Bowndedness of Solutions

Lenma 2.1.
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Me segion Q it postively-irariant for e model (1) with non-segative inidial cordifiors in R

Proc)
The aystem (1) a2 Ligackity contirmons in Q, from e dandard Theorm in[24], there eeints 4 wmique solution 1o
(1). We woe e method of cortradiction an inl6, 26] 1o show Mat Q s positively-swaniand.

Under  Hhe aitiasl  conditioms, asmme Hat Hoe edsts 4 il B A ok Wal

am =0 =82 <0, @) >0, M) >0 er 0 <7<,
or Wt eeists 4 £ sl ot
B dc, (t2)
ar) = 0, —/—— < 0, dn > 0, M2 > 0 fo 0 < 7 < 2
[ e W can (7):
26 () - 4@ + AN,
dt1
= jd(A/ - @)/
> 0,
which i1 & cortadiction. Meaning O(2) > 0.
’« Zﬂe W (2223 (22)
dc,(t2) 5
BT = (n - 22G + A
= AN + né - 4G,
> 0,

which s 4 contradiction. Mearing C(7) > 0.

Tlws, in any cane O, G rmsin poritie. Alhe, snee MJ 2 G + G wnd

dN

- = -5.4 i, na - N + /
< / - A
> j—’: + NS @)

et is 10 say =2 SO YN 2 pf oty NS/ =€) + MO e b pasticlan ¥ < fo
Vs, U region Q L positively-isvariant. Furthen, 4 MO) > fo thern &then Hhe solution enters L in [inile Time, o

N—> [ srymiptotically.
Hemce the negion Q attracts bl solutions i R

Analysis of the Model
i s Limtan model (1), he prolulilitics of developing mimon and major complications, 11 and 12 will sespectively
be estimated T Lave constand values:

Cc10 Cc20

M= JA2=0 (13] (3

~No
The Linean model 1) bar g equlibnivm foint gven by:

SIIVSAIR
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£ ( A161* _ (Mp+a2dr [/11(77+9)+(/12+9)§]1*) ©

B ALA1 + 1242 + A3 °~ A1A1+ A242 + A3’ 141 + A242 + 43 4
A= nle + A o+ 000 + &, A = e + N, A = L
Lenwmrs 1.
Ve wrigue tguililsivm foint b of He wmotd (1) & loally asgnptotically stble  (LAS).
paaq/
The haractrintic polymomial avrociated 1o e matrin A of e system (1) i gerically
gwen by

pO) = x° —tx* + (A + Ayp + A33)x — 6,
T= tr(A),6 = det(A),All,Azz,A33 AR Z&W o&l&wmm; An; mzwwd‘wéyoﬂmwmﬁ
M}(MMWM

Vs, the darsctristic polymonial for We system i1 guen by

X3 + (Al +12 + Bl))(z + (AIBZ +12B3 +B4)X+AIA1 +12A2 +A3 = O, (S)
Bl=,u+f+9,32 :61+H+T],B3:‘H+A+E,B4
=$(u+6)+uo

For the system’s equilibrivm point (4) 1o be stalle, Al Hhe roots of We daractristic equation (Eguwalues) (S) must
&wsﬂl{w. WaWEWWW%WeW. For corvenience, we seatate e criterion.

According 1o e Rowth alility eriterion, Hhe messany and sffficint conditions [or asymptotic dalility are tat
Ml te i of He [rot column of e Routh 1able (as below) bave e same vign. Thus, e Rowth 1alle for the

folymonial 1 gwen s [ollows:
Xn bn bn—2 bn—4
Xn_l bn—l bn—3 bn—S
€1 C2 C3
d, d, ds

— bn—lbn—4 - bnbn—S

by—1

_ C1bp_5 — by_1C3

L=
C1

Mbn’bn—l,clrdz KMCWW,M%WWMWW&&

Here, for #is syt

) nes

n= 3, b3 = 1, b2 211+12+B1,b1 :/11B2+AzB3+B4, bO :A]_Al‘l‘lez +A3
C2=0,d1>0, d0=0

W¢/«¢wa&1ﬁ«4«d C1 > O,

Thos, the Routh 2alle for e suyitem i 41 follows:
x3 1 MB, + 1,B; + B, 0
x? AM+A,+ By MAL+ A,A, + Ag 0
. Cq 0 0
by 0 0

€| IVSAIR
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Simee ll e sign of e entries in e [firi column of e Table are positive, Wen il e roots (digervalues) of Hhe
daractnidic equation (S) ae megative.

Hence, the equilibnion point(ly) of e system (1) o ssymplotically ddable. Tlis reslt sbows Wl Yo divean
etabliskes Aoll) within cnain period of Time, bt can be controlled a1 centain level 3 proper measunes are pud in
place.

WSI ‘l‘lz ‘ . 4#‘ 4‘4‘ . W

Hawving etablioked Hat the equilibrivom point in the Limean care i Locally asymptotically stalle, we prove e flobal
Aalility of tis equilibrivm poind. 1o do Uis we employ Hhe wae of Lyapunoy functional approach as in [1]. Let wa
nhoduct mew variables

4"’:0’-J,M=@-g,#3=”—ﬂwgﬂa=/—/, ¢w'=¢~(29,¢'=7,2,;,(01=(01(27.

Nete 7%
_(6 + 11) J - jng + jn/{/ = O,

(7’] - Aa) ag- @ + ol + AN = 0,
-0.0 - A - N+ / = 0.
Wil Wis T 9 variables, wyilem 1) becones
= - &+ e P
E2 =g - T~ O+ Ddea + s )
du3

— = O - Aew —pst P,
TCZWMM," of e origin (ivial equilibriom point) of (6) implies e global Aability of e equilibrivm
foint 1o e origimal syatem (1),

Theorem 1.
Suppore #a? (G, G, N) iz below o1 above (G, O, N) alorg #e solution comes, He wnigue tguililsivom point EL iz

< >

" Ja o “ + )
Proc

V(M) =§k(u1 + uz)z +%(u% + u%); u = (uli uZ, u3)
where £ 14 4 positive comiland To be determined Liten in Hhe coure of calewlations, with Lyapunon derivative along e
solulion cowes:
V' =k(uy +uy)(uy +ujy) + uyu)y +ugu;, = %,
=k(wy +ux)(—(€ + ADul- Au2 + 22u3+ (n- 12)ul — (6 + 12)u2 +
A2u3) + Up[— (€ + ADul - 1u2 + 22u3]| + uz(—81ul - Au2 — pu3 + @),
= g1uf — gous — puj + gausUy + galius + gsuaUs + Q1 us,
g1=k(m—&§—-21—2,),9, = k(@ +2; + 1) + 0 + A,
g3 =k(n—§—0—24; —21,) +n— 1,

F[1VSAIR
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ga =k + 1) — 64,

gs = k(A + 1)+,

Now, V' = giui — gous — puj + gausuy + gatliuz + gsupaus + @qus,
< g1uf — gouj — puj + gsuguy + [gaug + (gs + Dus,

Clearty, g4 < gs + 1.

Liting g5 +1= 0, gusk = ZEZD A > 142,

Substituing b ing1, G2, G3) G4, we bave
91 <0,9, > 0,93 <0,providedn < 1,, g, <0,since gs +1 = 0.

Thaws, we bave

V'< glu% - QZU% - ,uu% + gzuUiUy + gauquz + gsupUz + P1Uz,
= glu% - gzu% - ,uu% + g3U Uy + gau Uz,

Simet, a1 army time, 1 U equilibrivm point (C1,C27, N*) L4 ethen below o1 sbove (C1, C2, N) along the solution
awwes, Yhem: 6tfer C1 - C1 > 0; C2-C2> 0, N-N*>04atatimear (1-C1*<0; C2-C2°< 0, N-N*<
0. Whickever te care may be, wnr and w163 romain positive. And simee (1 <0, 2 >0, u>0,3 <0, ¢4 <0,
Herdore V' < 0.

Tbws, V'=0, if and only if o1 = 2 = 3 = 0.This indicatesr Hat Hhe lirgst imvariant aet in {(u1,62,63) €

.Q. V'= O}WWW ‘Mvu&mt @LAM&/;WWW[Z?] EZWMAMMM&

Nemmerical Siomlation

This section gues 4 demoratration of Mhe avalytical resdts in Hhe previons sections. The parameten values ane guven
i Bable §. Theae parameter values were oftained (pom e sounce(s) indicated in tack can. The global incidenct of
disbetes woed in te vimudations Lo /= 11000000. This incidence, Lo e average of incidences [or tnee years (2012-
2014)(38] (16]. 12 should also be noted Hat Hhe deatl. 41 4 resld of miner complications of dialetes Lo slightly
bighen tarn et of major complications [38]. Parameter values that we were not able To oltain in Hhe didbetes
Lanatune were sswmed in e imudations. C1(0) = S00000, C2(0) = 00000, M0) = 1500000 were wsed 4s
initial conditions. The prolabilities of developing minor and major complications were extimated 1o be 1y = 0.33, 1.
= 0.40, (o the Linean care) wring Hhein defiritions guen in Subsection (3), while 0, & and N were oftained 1o be
0.10729142, 0.09319427 and 0.0SS00S12 respectivelyy. Witk these values of e parametens, #he equilibrivom poind in
oltained 16 be: (143270000, 191830000, 375320000)

Tublle §: Puramcter unlies wsih in #e pumerical ginilations

Parameter  Vialue Sowmree

o] 0.00750%S14 Estimated [pom (29]
02 0.005005716€ Estimated (pom (29]
n 0.03 Assumed
7 0.042 Adofted. fpom (13]
12 0.033 Adofted. fpom (13]
P 0.01428%) (26€]
v 0.05 Adogted. fpom (13

g|I/SAIR
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Tbe profiles for O (2, C2 (D and N (2 are sbown in [igures 2. 11 can be seen [pom Hhe [igure Uoat Hhe [ioed poind was
nesched by time 7= 100geanrs. 11 also sbows Hat Yere o am agpeemert between We analytical wudts and Yo
wmtrical newlis.

Diabetic Populations

C1t)
Mt -

1
] a0 100 150
Time t{years)

Fgre 2. Profle o O @ N fo e fll owakd

AMWMW@MW@WWW‘M{M%WW(WMW:Q 12 = 0) i abse
eeperimented (se figure 3). The equilibniom point in Mis case La: (145530000, 194820000, 363220000)

4117SAIR
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Diabetic Populations

C1it)
C20t)
Mit)

1
a 50 100 150
Time t{years)

Figure 3: Profile of O (2 X N sllen Here is pa stcovery

Talle §: Paramneter valuts wsed in We poomerical simulations

Pirameter  Value Sowct

N 0.007508574 Edtimated [pom (29]
02 0.005005711€ Edimated [pom (29]
n 0.03 Avsumed
v/ 0.042 Adopted [pom (13]
2 0.03% Adopted (pom (13]
P 0.01428%) (26]
1 0.0s Adopted {rom(13]
CONCLUSION

TWWW(MMWWW}%MW%Wdﬁln‘oﬁemmcd%[’];]w
(10]. This extension war done by subdividing We compartment of disbetic population with complications inte Hhose
Wil miner complications and Wowe with major complications. The extended model sbows o any sign of divergnce
a1 Bime incrares. In e Linear moddl, 4 wiigue cquilibniom point was oftained and i found 1o be globally
equilibriom points: EP1, EP2 and EP 3. EP 1 and EP 2 were found 1o be wndtalle. EP 3 s found o be globally
svymptotically table, wlich i1 equivalent 1o Me endemic tquilibriom pond in inftctions divara. 1t L seen eanly
Yat Yo abaence of Mt complications of We Aisease in Yt population Lo nol guarantud. Hoween, Hhe cortral work of
e divertation o To shess e imporance of comwrolling We incidence of e Aiseare and s variows complications.
11 & bitlerto important Hhat 4 better shrategy muil be pud in place To cuntail Hhe merace of e disean. The overall
neslty olflaimed o Wl We models com monitor diabitic population flobally without amny condition s To Hhe dhoice
of Tome of moritoring. In comclusion, we se Hhat our models bave Guen v insight inda We varions complicalions of
disbetes. Thin gwes 4 dean sigral Wat bealth decivion maders mudt et beanily in bealth uclor 10 Yot social and
tconomic corts of wrconnolled diabetes in our socition will be mirimal and productivity will be bigf.

10 [ 1VSAIR
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Farther Study
of e model. Also, te elfect of Dreatment of Hhe complications of Mhe diseare can be mertigated.
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