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ABSTRACT

Hepatitis B is a global threat as approximately one third of the world’s population
has serological evidence of past or present infection with hepatitis B virus (HBV)
and 350—400 million people are chronic HBV surface antigen (HBs Ag) carriers In
this paper, a mathematical model for the transmission dynamics of hepatitis B virus
infection considering HBV mutants is presented. First, the disease-free equilibrium
state of the model was determined. The next generation method was used to
compute the basic reproduction number, Ry, as a threshold parameter, in terms of the
given model parameters. It was proved that the disease-free equilibrium state is
locally asymptotically stable if the R, is below unity. Local stability of the endemic
equilibrium state was established using the centre manifold theory. The result of the
centre manifold theory on the endemic equilibrium state shows that the disease can
persist as the value of R, increases above one. The results of numerical simulations
show that the impact of carriers with HBV mutants can be significant. The findings
of this study strongly suggest that effective intervention should be put in place to
reduce the proportion of carriers with HBV mutants to the barest minimum.
Keywords: Mathematical model, disease-free equilibrium, endemic equilibrium,
centre manifold

INTRODUCTION

Hepatitis means inflammation of the liver. Hepatitis B is a contagious
[iver disease that results from infection with the hepatitis B virus. When
first infected, a person can develop an illness which can be mild, with
few or no symptoms, or an illness that is serious, requiring
hospitalization and sometimes leading to liver failure. Acute hepatitis B
refers to the period when a person first becomes infected with the virus.
This is the time a person is most likely to have symptoms. Some people
develop antibodies (proteins found in the blood or body fluids that help
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fight infection) and these people recover, which leads to protection from
future infection. Other people, especially infants and young children, do
not recover. Instead, the infection remains and becomes a “chronic” or
lifelong infection. Chronic hepatitis B refers to infection when the
hepatitis B virus continues to be active in the person’s body for more
than 6 months. Over time, chronic infection damages the [iver and
causes scarring, liver failure, and sometimes liver cancer. While there is
no cure for hepatitis B infection, treatment can slow the damage to the
liver. Infected children have up to a 90% chance of developing chronic

infection (CDC, 2013).

Hepatitis B is one of the world’s most serious health problems.
Approximately one third of the world’s population has serological
evidence of past or present infection with hepatitis B virus ([HBV) and
350—400 million people are chronic HBV surface antigen (HBsAg)
carriers [EASL (2013),White and Fenner (1994), Platkov er al; (2001,
Carriapa et al; f2004), Fernandez er a/ 2006), Onuzulike and Ogueri

(2007]].

HBV infection can be transmitted from mother to child (vertical),
contact with an infected person (horizontal transmission), sexual
contact (homosexual and heterosexual transmission] with infected
partners, exposure to blood or other infected fluids and contact with

HBYV contaminated instruments [WHO (2001), WHO (2002].

HBV control measures include vaccination, education, screening of
blood and blood products; and treatment (CDC, 2005). However,
hepatitis B viral mutants can emerge in patients as a result of selection
pressure from either immune response or treatment options. The concern
is that carriers with HBV mutants can still infect vaccinated
individuals and mount resistance to antiviral drugs [Zanetti er al; (1988),
Coleman (20006)].
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Epidemiological models help to capture infection or disease transmission
mechanisms in a population in a mathematical frame-work to predict the
behavior of the disease spread through the population. Mathematical
models have become important tools in analyzing the spread and control
of infectious diseases. Understanding the transmission characteristics
of infectious diseases in communities, regions and countries across the
world in mathematical frame works can lead to better approaches to
decreasing the transmission of these diseases [Anderson and May,

1991).

Recently, mathematical models have been used to study the
transmission dynamics of HBV in various communities, regions and
countries across the world. Anderson and May (1991) proposed a simple
deterministic, compartmental mathematical model to investigate the
effects of carriers on the transmission of HBV. Anderson er a/; (1992)
and Williams er al; (1996) presented models of sexual transmission of
HBYV, which include heterogeneous mixing with respect to age and
sexual activity. Edmunds er al; (1993) explored the relation between the
age at infection with HBV and the development of the carrier state.
Medley et al; (2001 proposed a model to show that the prevalence of
infection is largely determined by a feedback mechanism that relates the
rate of transmission, average age at infection and age-related probability
of developing carriage following infection. Thomley er a/; (2008) applied
the model of Medley er al; (2001) to predict chronic hepatitis B infection
in New Zealand. The prevalence of HBV in developing countries is
different from that in developed countries, since it appears that the rate
of transmission in childhood is the major determinant of the level of
HBYV endemicity and little is known on the rates and patterns of sexual
contact in developing countries (Edmunds er al; 1996¢c). Mclean and
Blumberg (1994) and Edmunds er af/ (1996a) studied models of HBV
transmission in developing countries and Williams er al; (1996) described
a model of HBV in UK. O’Leary er al; (2008) proposed a mathematical
model to investigate the effect of Hepatitis B vaccine and anti-viral
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treatment among the Canadian Inuit population. An optimal control
model of Hepatitis B transmission dynamics was proposed by
Mehmood (2011). Zou er al; (2009) proposed a mathematical model to
investigate the transmission dynamics and prevalence of HBV in
mainland China. Zou er a/; (2015) used a mathematical model to study
the sexual transmission dynamics of hepatitis B virus in China. Zhang
et al (2015) proposed a model to explore the transmission dynamics of
hepatitis B virus in China.

Public health policy on the design of various HBV control programs has
benefitted a [ot from the recommendations of the previous mathematical
modelers and much success has been recorded. However, available data
in various regions on the prevalence of HBV infection show a slow pace

of control (WHO, 2009). Much still needs to be done until HBV

infection is eradicated from the global community.

The model by Zou er al; (2009) forms the motivation for this study. In
their work, a mathematical model was proposed to study the
transmission dynamics and prevalence of HBV infection in mainland

China.

In this paper, their model is modified to study HBV transmission
dynamics and prevalence, considering the role of HBV mutants.

The plan of this work is as follows. The model formulation is presented
in section 2. Section 3 is devoted to deriving the basic reproduction
number. Stability analysis of both the disease-free and endemic
equilibrium states is carried out in section 4. Numerical simulation is
performed in section 5. Results are discussed in section 6. Finally
conclusion is passed in section 7.
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FORMULATION OF THE MODEL
The Existing Model
We begin our model formulation by introducing the model by Zou er a/;

(2000).

We, first, present the parameters and assumptions of the
/ ;) P p p

existing model.

Assumptions of the Existing model
The following are the assumptions of the existing model by Zou er a/;

(2000):

(i)

The population is compartmentalized into the proportions of
susceptible individuals S(t), latent individuals L(t), acutely
infected individuals I(t), chronic carriers C(t), vaccinated
individuals V(t), and the recovered individuals R(t) all at
time t,

The population is homogeneous,

Influx into the population is by birth only,

Exit out of the population is by natural and HBV-related
mortality only,

The vaccinated individuals do not acquire permanent
mmunity,

The newborns to carrier mothers infected at birth proceed to
carrier state immediately.

Variables and Parameters of the Existing Model
The population is partitioned into six compartments described as

follows:

S(t) = Proportion of the susceptible individuals at time t
L(t) = Proportion of the latent individuals at time t

1(t) = Proportion of the acutely infected individuals at time t
C(t) = Proportion of the chronic carriers at time t

R(t) = Proportion of the recovered individuals at time t

V(t) = Proportion of the vaccinated individuals at time t
The following are the parameters of the existing model:
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U =birth rate

Uo=natural mortality rate

Uy, =HBV-related mortality rate

w =proportion of births without vaccination

(1 — w) =proportion of births vaccinated

v =proportion of births vertically infected

¥ =Rate of waning vaccine-induced immunity

o =Rate of moving from latent state to acute state

B =Transmission coefficient

¥1 = rate of moving from acute to other compartments

q = Average probability that an individual fails to clear an acute
infection and develops to carrier state

qy; = Rate of moving from acute to carrier

(1 — q)y; = Rate of moving from acute to recovered class

¥, = rate of moving from carrier to immune

Y3 = Vaccination rate of the susceptible individuals

¢ = Reduced transmission rate relative to acute infection by carriers
The following is a flow diagram for the existing model.
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Figure 1: Flow diagram of HBV transmission dynamics for the existing model

15T



A Mathematical Model of Hepatitis B Virus Transmission Dynamics considering HBV Mutants

The Equations of the Existing Model
Using the above assumptions, parameters and flow diagram, Zou er al;
(2009] derived the following model equations.

ds

= uw(1—vC) + ¥V — (4, + Bl + €BC +y3)S (1.1)
dL

i (Bl +efC)S — (0 + ug)L (1.2)
dl

i oL — (/“o + )/1)1 (1.3)
% = wwwC + qyil — (g + 1, +v2)C (1.4)
dR

- = =@l +7v0 - 4R (1.5)
dv

at =u(1—w)+y3S— (o +PIV (1.6)
The Modified Model

We shall use the following assumptions to derive the modified model
used in this work.

Assumptions of the Modified Model

We make the following assumptions:
(1) The latent period after infection is ignored (Zou er al, 2015),
(11) The carriers with HBV mutants can infect vaccinated
individuals and their proportion is represented by p.

Equations of the Modified Model
Based on the above assumptions and parameters, we modify the model
by Zou er al; (2009) as follows.

das
== uw(1 —vC) + ¥V — (1, + Bl + eBC +y3)S (2.1)
dl
- = (BI + €BC)S + pefCV — (x, + v1)I (2.2)
dc
—7 = mvwC +qyil = (g + 1, +7v2)C (2.3)
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av

dat = (1 —w)+vy3S — (U +¥ +peBC)V (2.4)
d
== (- Qnl +72C — 4R (2.5)

5(0)>=0,1(0)=0,c(0) =0,V(0) =,R(0) = 0.

Because the models are in terms of proportions,

SWH+I)+C)+RX)+V()=1 (2.6)
at all time t.

The model is defined in the subset D X [0, ) of RS, where
D={(S,ICV,R)ER::0<S,I,C,V,R<1,S+I+C+V+R<1}
For ease of analysis, we use equations (2.1 — 2.4), since there is no R

term in them and R can always be found as:

Rt)=1—-[S{t)+1(t)+C(t) + V()]

THE BASIC REPRODUCTION NUMBER, R,

We first, do variable transformation for ease of analysis as in the sequel.
Let X = [x1,%5,x3,%, ] =[S,1,C,V]T so that equations (2.1)-(2.4) can
be expressed in the form Z—)t( =F=(f;1 f2 f5 fa) such that

dx;

Y Hw(1 —vxy) + Wiy — (g, + Bxy + eBxz +¥3)x; (2.7)
dx,
- (Bxy + efx3)x; — (,UO +y1)x, + pEPx3x, (2.8)
dxs
dt = MVwXy + qy1X3 — (/“0 tu t Vz)x4 (2.9)
dx
— =Ml = ) 4y = (o + ¥ + pefxs)x, (2.10)

We now calculate the disease-free equilibrium state of the modified
model. We begin this by setting the left hand sides of equations
(2.7) — (2.10) to zero and getting the disease-free equilibrium state as
follows. The disease-free equilibrium state,Ey = (S,,0,0, V), where

_ HWF+pow) _ b(potyz—How) .
So = po(o+y3+¥) and Vo = to(o+Y3+¥) The recipe by Heffeman (2005)

and Van Den Driessche and Watmough (2005) is followed to compute
the basic reproduction number.
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The vector F(x) of the rates of new infections in compartments x, and
X3 is given by
F(x) = ((.sz + efx3)x; + peﬁx3x4)_

0

Also, the remaining transfer terms in compartments X, and x5 are given
by
V(x) = ( (to +v1)x, )
—(wwxs + qy1x2) + (Uo+u1+V2)x3
The matrix of partial derivatives of F(x) at the disease-free equilibrium
state X = Ey = (5,,0,0,V,) is given by
So €BSy + peBCV, w(P+uow)
EF(E.) = .8 0 0 0 —
x( 0) ( 0 0 ) / where S0 to(Ho+Y3+¥)
and the matrix of partial derivatives of V(x) at the disease-free
equilibrium state x = E, = (5,,0,0,V,) is:
Ho 71 0 )
V.(Ey) = ( .
B =gy ot by, — v
It follows that the basic reproduction number Ry, is given by:
— -1y _ BSo(otuitya—ww)+efays (So+pVo)
Ro = p(EV™) (o +70) (o iy +72—v) (211
R, becomes biologically meaningful if (ug+u,+v,) > wvw.

STABILITY OF EQUILIBRIA

Existence and Local Stability Analysis of the Disease-free Equilibrium
State (DFEs)

We will now examine the existence and local stability of DFEs. We
compute the Jacobian matrix for the disease-free equilibrium state using
equations (2.7) — (2.10) as follows.

The Jacobian matrix for the disease-free state Jg, is given by

—(tot+v3) —BSo —(uvw + fS,) 0
_ 0 —(po+v1) eBSy + pepVy 0
J(Eo) =
0 qv1 pw — (po+ps+v2) 0
Y3 0 —pefVy —(po +¥)

Theorem 4.1: If Ry < 1, then the disease-free equilibrium state E; is
[ocally and asymptotically stable.
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Proof: To prove theorem 4.1, it suffices to show that all the Eigen values
of the characteristic equation for the Jacobian matrix J(E,) above have
negative real parts.

The diagonal entries —(up+y3) < 0 and (uy + ¥) <0 are two of the
eigenvalues of the characteristic equation for the Jacobian matrix J(E,).
Thus, excluding these columns and the corresponding rows, we calculate
the remaining eigenvalues. These eigenvalues are the roots of the
characteristic equation of the reduced matrix of dimension two given by
M= (_(lio +Y1) 0 )

ay1 pvw — (po+uy+y; + a)/
Trace(M) = —(uo+y1) + (Wvw — po+u,+y,) < 0.
Recall that;
_ BSo(o+p+y, — mvw) + eBqy1(So + pV)

(o+Vv1) (Hot+H1+Y2 — VW)
_ BSo(potiu+y, — uvw) eBqy1(So + pVo)

(Uo+y1) (Mo TH1+Y2 —pvw)  (HoFV1) (UoFi Y2 — VW)

Let R, = BSo(o+u1+Y2—rvw) and R, £Bqy1(So+pVo)

= that
(Ho+y1) (Mo t+U1+Y2— W) (Hoty1) (Mo t+U1+Y2—vw) >0 4
RO = R1 + Rz.

Det(M) = (uo+y1) (uvw — po+py+y2) — eBqy1(So + pVo)
eBqy1(So + Vo)
= (Uo+y1) (Wvw — po+u+y )[1—
o o (Ho+y) (uvw — po+ius +v2)
= (fo+y1) (vw — po+py+y2)[1 — R;] <0 for R, < 1.
Therefore, all the roots have negative real parts and the disease-free
equilibrium state Ej is locally asymptotically stable if R, < 1.

Ro

Existence and Stability of Endemic Equilibrium State

We shall discuss the stability of the endemic equilibrium state of our
mode| equations (2.1) — (2.4) using the transformed system (2.7 —
2.10).

In the sequel, we shall employ the method of centre manifold theory to
investigate the existence and stability of the endemic equilibrium state.
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Analysis of Centre Manifold Near x=g, and R, =1

In the previous section, we discussed the local stability of the disease-
free equilibrium using the basic reproduction number and [inearization
method. The change of stability that occurs at Ry = 1 is often followed
by the emergence of a branch of steady state. This is referred to as
bifurcation, and this may happen for values of R, slightly greater than
(or [ess than) one. This is called a forward (backward) bifurcation. One
way of determining the direction of bifurcation (forward or backward) in
an epidemiological model is the use of the centre manifold method. This
method reduces the system under consideration to a simpler system
which has the same qualitative properties and which can be studied in a
relatively easier way (Ameh, 2009).

In this section, we investigate the bifurcation behavior of a general
epidemic model around the critical value Ry = 1 in a neighbourhood of a
disease-free equilibrium, E,. Let ¢ = R, — 1 and rewrite our general
epidemic model in the following way:

x' = f(x,0) (2.12)

With the assumption that f is continuously differentiable at [east twice.
We have the following result.

LetD, f(E,, 0) be the matrix of partial derivatives of f at the disease-
free equilibrium. Also let v and vbe the right and the left eigenvectors of
D, f(E,,0) respectively.

Theorem 4.2: (Mukandavire er al 2010). Consider the disease

transmission model defined by (2.12) with the function f(x, @) @ is the

parameter as described from the foregoing. Assume that the zero
eigenvalue of D, f(E,, 0) is simple. Let

n o f o f

a= 2 wkUivj X :

ki, j=1 %0 Xj xi O

exists 6 >0 such that

(Eo.0. Assume thatb=0. Then, there

n
=
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(i) If a>0, b>0, whenp <0 with |p| <1, E, is locally
asymptotically stable, and there exists a positive unstable
equilibrium; when 0 < @ < 1, E, is unstable and there exists a
negative asymptotically stable equilibrium;

(i)  If a<0, b<0, when ¢ <0 with |@| < 1,E, is unstable; when
0<@<1, E, is asymptotically stable, and there exists a
positive unstable equilibrium;

(i1i) If a>0, b<0, when ¢ <0 with || <1 E, is unstable, and
there exists a locally asymptotically stable negative
equilibrium; when 0 <@ <1, E, is stable and a positive
unstable equilibrium appears

(iv] If a<0, b>0, when ¢ changes from negative to positive, E,
changes its stability from stable to unstable. Corresponding
negative  equilibrium  becomes  positive and  locally
asymptotically stable.

Application of Centre Manifold Theory to Local Stability of Endemic
Equilibrium

Using the centre manifold theory as described above, we now
investigate the [ocal asymptotic stability of the endemic equilibrium.
The Jacobian matrix of the system (2.7) — (2.10)at the disease-free
equilibrium is given by

—(to+ys3) —BSo —(uvw + eBSy) 0 \
J(E,) = 0 —(o+v1) eBSo +pefVy, 0
0 qv1 uvw — (po+ps+y2) 0 /
V3 0 —peBVy —(to +¥)

It can be shown that the [inearized system of transformed equations
(2.7) — (2.10) with Ry = 1 has a simple zero eigenvalue when
g =p*= (Bo+¥1)(HotHa+Y2 —vw)

So(to+u1+V2—vw)+eqy1(So+pVo)

Hence, the centre manifold theory (see, Driessche er al, 2005,
Mukandavire er al; 2010/, Ameh, 2009] can be used to analyse the
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dynamics of the system. The Jacobian (J. ) of system (2.7) — (2.10)

has a right eigenvector associated with zero eigenvalue given by
_ T
U = (uy, Uz, us, Uy)

Let u,z = 1
+
eBSo+peBVy

_ BSo(eBSo +pepVy) + (Uo+y1) (uvw + gBS) <0

efSo + pepVy ’
pepVo(to+v1)

Uy = —
! (o +¥)(eBSo + reBVy)
The left eigenvector Jacobian [ J,, ) associated with the zero eigenvalue is

u1=

given by

— T
V=[vyvv3v, ]

(eBSo+PEBVH)
i ] ) (hot+H1+Y2—HV®) '2
0°f 0°f _ 0°f2 0°f _
=F dx10x3 B, 9x30x, 9x308 €S0 + peBVo.

Thus, a = vyu uy B + vouguszef + vousuy pef < 0,b = v,u,S, + vous(eSy + peVy) > 0.

v1=v4=0.]_et172=1>0, V3 =

_ %f _
= pep, ma0f So, and

Therefore, by item (iv] of theorem 4.2, the disease-free equilibrium
becomes unstable and the endemic equilibrium becomes locally
asymptotically stable as Ry changes values from less than one to values
slightly greater than one.

NUMERICAL SIMULATION
Numerical simulations are performed using the parameter values in

Table 1.

Tabler: Parameter values used in numerical simulations

Parameter/Variable Value Reference

v 0.11 Zou et al; (20009)
% 0.1 Zou et al; (2000)
p o-1 variable

B 0.9§ Zou et al;(2009)
71 4 per year Zou et al; (20009)
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q 0.885 Zou et al; (2009)
2 0.025 Zou et al; (2009)
P 0.16 Zou et al; (2009)
U 0.042 fitted

Ho 0.019 fitted

S(0) 0.7 Assumed

1(0) 0.05 Assumed

C(0) 0.1-0.2 Musa er al; (2015)
R(0) 0.1 Assumed

Without control
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Figure 2: Graph showing the prevalence of carriers without control
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Figure 3: Graph showing the prevalence of carriers with 40% vaccination
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Figure 4: Graph showing the prevalence of carriers with 60% vaccination
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Figure 5: Graph showing the prevalence of carriers with 80% vaccination
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Figure 6: Graph showing the prevalence of carriers with 100% vaccination
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Figure 7: Graph showing the prevalence of carriers with 100% vaccination

DISCUSSION

In this study, we modified and analyzed a mathematical model for the
transmission dynamics of HBV infection considering HBV mutants.
The analytical results obtained are discussed as follows. Fundamental in
our analytical results, is the basic reproduction number, R,. R, serves as
a threshold parameter that predicts whether an infection can spread, and
is used as a guide to the public health or control agency on the amount of
effort needed to control or eradicate a disease. The basic reproduction
number, R, for the model was computed using the next generation
method. The result of the stability analysis for the disease-free
equilibrium state can be found in theorem 4.1. The result shows that if
Ry < 1, the DFEs are locally asymptotically stable. This means that the
disease cannot spread and, therefore, the disease can be eliminated. The
result of the centre manifold theory (theorem 4.2) shows that there exists
a unique endemic equilibrium state that is locally and asymptotically
stable for Ry > 1. The results of numerical simulations of the modified
model are discussed below. The results can be found in Figures 2 through
6. The parameter values are as shown in Table 1. The main aim is to
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assess the impact of carriers with HBV mutants and the feasibility of
their control for different values of vaccination parameter. Figures 2
through 7 show the prevalence of infection for two populations namely,
one with carriers not having HBV mutants and the other with carriers
having HBV mutants. We represent the proportion of carriers with
HBV mutants with p. A zero value of p means no HBV mutants.
Figure 2 shows the prevalence of infection for the two populations with
(p = 0.00,0.15),w = 0,y3 = 0. lt shows a very high level of endemicity
both in the presence of HBV mutants and in their absence. Figure 3
shows the prevalence of infection when (p = 0.00,0.15),w = 0,y3 =
0.4. It shows a high level of endemicity in the presence of HBV mutants
and Jow endemicity in their absence. Figures 4, 5 and 6 show the
prevalence of infection when y3 = 0.6,y; = 0.8 and y; = 1 respectively,
the values of p and w as before. They show high endemicity in the
presence of HBV mutants and control in their absence. Figure 7 shows
the prevalence of infection when (p = 0.00,0.05),w =0 and y3 = 1. lc
shows control in the presence of HBV mutants and in their absence.
This study confirms that even in the presence of 100% vaccination, the
proportion of carriers with HBV mutants should be very low to
guarantee control. Based on the findings in this study it is therefore
recommended that effective treatment strategy for patients be put in
place.

CONCLUSION

In this study, we modified and studied a mathematical model for the
transmission dynamics of HBV infection considering HBV mutants in
the host population. The model parameters and equations are given in
Section (2).The disease-free equilibrium state of the model was
determined. The basic reproduction number, R, for the model was
computed using the next generation method. It was also proved that the
disease-free equilibrium state was locally asymptotically stable if Ry <
1. The existence and stability of the endemic equilibrium state was
established through the centre manifold theory. Numerical simulations
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were performed. The results show that the impact of carriers with HBV
mutants on HBV transmission dynamics can be significant.

REFERENCES
Ameh, E.J.2009) .The basic reproduction number: Bifurcation and

Stability, PGD project at AIMS.

Anderson, RM. and May, R M. (1901]. Infectious diseases of humans:
Dynamics and Control. Oxford University Press.

Anderson, RM. and May, R.M.(1992). Directly transmitted infectious
diseases: Control by vaccination, Science, Vol. 215, pp 1053-1060.

Carriappa, MM, Jayaram, B.]., Bhalwar, C.R., Praharaj, A., Mehta,
V and Kpur, L. (2004). Epidemiological differentials of hepatitis B
carrier state in the army: a community-based sero-epidemiological

study MJAFI, vol. 60, no.3.
CDC (2005). Centre for prevention and control of diseases.
CDC (2013). Centre for prevention and control of diseases.

Coleman, E.P. (2006). Detecting hepatitis B surface antigen mutants.
Emerging Infectious Diseases “www.cdc”™ Vol. 12(2): 198-203

Edmunds, W.].,, Medley, G.F., Nokes, D.)., Hall, A.]., and Whittle,

H.C. (1993). The influence of age on the development of the
hepatitis B carrier state. Proc. R. Soc. London. B 253, 197-201.

Edmunds, W.].,, Medley, G.F., Nokes, D.)., 1996a. The transmission
dynamics and control of hepatitis B virus in the Gambia. Stat.
Med. 15, 2215-2233.

164



CARD International Journal of Engineering and Emerging Scientific Discovery
Volume 2, Number 2, June 2017

Edmunds, W.).,, Medley, G.F., Nokes, D.]., 1996b. Vaccination against
hepatitis B virus in highly endemic area: waning vaccine-induced
immunity and the need for booster doses. Trans. R. Soc. Trop.
Med. Hyg. 90, 436—440.

Edmunds, W.])., Medley, G.F., Nokes, D.]. (1996c). Epidemiological
pattems of hepatitis B virus (HBV) in highly endemic areas.
Epidemiol. Infect. 117, 313-325.

Fernadez, E., Rodrigo, L., Garcia S., Riestra S. and Blanco C. (2006).
Hepatitis B surface antigen detection using pooled sera: A cost
benefit analysis. Rev. esp enferm dig vol.98: no.2 pp.112-121.

Heffernan, ).M. (2005). Perspectives on the basic reproductive ratio. ).
R. Soc. Interface,2, 281-293.

Mclean, AR, and Blumberg, B.S., (1994). Modelling the impact of
mass vaccination against hepatitis B: Model formulation and
parameter estimation. Proc.R. Soc. Lond.B256, 7-1s.

Medley, G.F., Lindop, N.A, Edmunds, W.J. and Nokes, D.].(2001).
Hepatitis B virus endemicity: heterogeneity, catastrophic
dynamics and control. ] of nature medicine, Vol.7: No.5, Nature

Publishing Group

Mehmood, N. (2011). Modelling the transmission dynamics of hepatitis
B and optimal control, J. Theor. Biol., Vol. 13, pp. 1-17.

Mukandavire, Z., Das, P., Chiyaka, C. and Nyabadza, F. (2010).
Global analysis of an HIV/AIDS epidemic model, WIMS,
6(3):231-240, UK.



A Mathematical Model of Hepatitis B Virus Transmission Dynamics considering HBV Mutants

Musa, BV, Bussell1,S., Borodo, M.M., Samaila, A A. and Femi, O.L.
(2015). Prevalence of hepatitis B virus infection in Nigeria,2000-
2013: A systematic review and meta-analysis, Nigerian Journal of
Clinical Practice 18 (2):163-172

O’Leary, C., Hong, Z., Zhang, F., Dawood, M., Smart, G., Kaita, K.
and Wu, ]).(2008). A mathematical model to study the effect of
hepatitis B virus vaccine and anti-virus treatment among the
Canadian inuit population, CDC.

Onuzulike, N. and Ogueri, E.O., (2007). Seroprevalence of hepatitis B
surface antigen (HBsAg) in pregnant women in Owerri, Imo state
of Nigeria, Research. ]. of boil. Sc. 2(2):178-18x.

Platkov, E., Shlyakov, E., Glick,V., Khalemsky, S., and Fisehbein, A.
(2001) Humoral immune response of hospital employees induced
by a recombinant hepatitis vaccine: § years after the primary
standard immunization, the Journal of preventive medicine 9(3):59-

66.

Thornley, S., Bullen, C., and Roberts, M. (2008).Hepatitis B in a high
prevalence New Zealand population: A mathematical model
applied to infection control policy. ). Theor. Biol. 254, 509—603.

Vanden Driessche, P., Watmough, ). (2002).Reproduction numbers and
sub-threshold endemic equilibria for compartmental models of

disease transmission. Math. Bio Sci.180, 29—48.

White, O. D. and Fenner, ).F. (1994). Viruses of humans, medical
virology (4™ ed.) Academic Press Ltd

WHO (2001). Hepatitis B Factsheet.

166



CARD International Journal of Engineering and Emerging Scientific Discovery
Volume 2, Number 2, June 2017

WHO (2002).Hepatitis B Factsheet.
WHO (2009).Hepatitis B Factsheet.

Williams, ).R., Nokes, D. J., Medley, G. F., and Anderson,R M.
(1096). The transmission dynamics of hepatitis B in the UIK: A
mathematical model for evaluating costs and effectiveness of
immunization programmes. ). of Epidemiol. Vol. 116, 71-89.

Zanetti A, Tanzi E, Manzillo G, Maio G, Sbreglia C, Caporaso N,
etal.( 1088) Hepatitis B variant in Europe. Lancet, 2(8620):1132-3.

Zhang, T., Wang, K. and Zhang, X. (2015) Modeling and Analyzing
the Transmission Dynamics of HBV Epidemic in Xinjiang,
China. PLOS ONE | DOl:10.1371/journal.pone.o138765

Zou, L. and Zhang, W. and Ruan, S. (2009). Modeling the
transmission dynamics and control of hepatitis B virus in China.
). Theor. Biol., Vol. 10, pp. 1-9.

Zou, L. Ruan, S. and Zhang, W. (2015]. On sexual transmission
dynamics of hepatitis B virus in China. ). Theor. Biol., 369:1-12.



